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Abstract 

Let A'^ and P be smooth manifolds of dimensions n and p {n > p > 2) respectively. A smooth 
map having only fold singularities is called a fold-map. We will study conditions for a continuous 
map / : — > P to be homotopic to a fold-map from the viewpoint of the homotopy principle. 
By certain homotopy principles for fold-maps, we prove that if there exists a fiberwise epimorphism 
TN (B On TP covering /, then there exists a fold-map homotopic to /, where 9n is the trivial 
line bundle. We also give an additional condition for finding a fold-map which folds only on a finite 
number of spheres of dimension p — 1. 

Introduction 

Let N and P be smooth (C°°) manifolds of dimensions n and p respectively with n > p > 2. We 
say that a smooth map germ of {N, x) into (P, y) has a singularity of fold type at x if it is written as 
) 1-^ {xi,. . . , Xp-i,±Xp ± • • • ± x^) under suitable local coordinate systems on neighborhoods 
oi X E N and y E P. A smooth map / : iV — P is called a fold-map if it has only fold singularities. We 
will study conditions for a given continuous map to be homotopic to a fold-map from the viewpoint of 
the homotopy principle. Main results of this paper are the following. Let TN, TP and 9n be the tangent 
bundles of N, P and the trivial bundle x R respectively. 

Theorem 0.1. Let n > p > 2. Let f : N ^ P be a continuous map. Assume that there exists a fiberwise 
epimorphism h : TN (B Oj\j —i- TP covering f . Then there exists a fold-map g : N P homotopic to f . 

If n — p -|- 1 is odd, then we can easily prove that the converse also holds (Lemma 3.1). 

Recently Saeki[Sa2] has given a complete characterization of those 4-dimensional closed orientable 
manifolds which admit fold-maps into R'^. The converse of Theorem 0.1 does not hold for the dimension 
pair {n,p) = (4,3). 

Corollary 0.2. Let n > p > 2. Let f : N ^ P he a continuous map. If the structure group of TN © 9iq 
is reduced to 0{n — p) x [this refers to -Bp+i for the case n ^ p) and if TP is stably trivial, then 

there exists a fold-map g : N ^ P homotopic to f . 

Here, 0{k) is the orthogonal group of degree k and Ek is the unit matrix of degree k. We have another 
existence theorem of fold-maps. 

Theorem 0.3. Let n > p > 2. Let f : N —> P be a continuous map. Assume that there exists a vector 
bundle ^ of dimension n ~ p over N such that TN is stably equivalent to the vector bundle f*(TP) ® ^. 
Then f is homotopic to a fold-map g : N P which folds exactly on the boundaries of a finite number 
of disjointly embedded disks of dimension p within an embedded disk of dimension p in N . 

Corollary 0.4. Let n > p > 2. Let f : N ^ P be a continuous map. If TN and TP are stably trivial, 
then there exists a fold-map g : N P homotopic to f which folds exactly on the boundaries of a finite 
number of disjointly embedded disks of dimension p within an embedded disk of dimension p in N . 
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Corollary 0.4 should be compared with [E2, 5. ID and 5.4]. For example, any continuous map / : 
5" S'' is homotopic to such a fold-map (Corollary 3.4). 

Theorem 0.1 is a simple consequence of Theorem 0.5 below, while we need the Phillips Submersion 
Theorem ([P]) and a further tool in the proof of Theorem 0.3 to apply Theorem 2.4. 

We explain the terminology homotopy principle used in [G2]. In the 2-jet space J^(n,p), let S"~*'+^'°(n,p) 
be the subspace of all jets of germs with fold singularities at the origin and let Q'^~^~^^'^{n,p) be the 
union of all jets of regular germs and 5]"~P+^'"(n. p). In the 2-jet space J'^{N,P) with projection 
Tr% xnl : J^{N,P) ^ N x P, let E"-P+i'0(iV, P) and n^'^P+^'\N, P) be its subbundles associated 
with T,'"~P~^^'^{n,p) and f2"~P+^'°(n,p) respectively. A smooth map / : AT — > P is a fold-map if and only 
if the image of ,ff is contained in f7"-P+i^O(7V, P) and transverse to E"-p+1'°(7V, P). Let C^{N,P) 
denote the space consisting of all fold-maps equipped with the C°° -topology. Let T{N,P) denote the 
space consisting of all continuous sections of the fiber bundle 7r^|0"-P+i'°(A/', P) : 0"-P+i'°(iV, P) ^ N 
equipped with the compact-open topology. Then there exists a continuous map 

jn:C^{N,P)^r{N,P) 

defined by jn{f) = j^f- It follows from the well-known theorem due to Gromov[Gl] that if A' is a 
connected open manifold, then is a weak homotopy equivalence. This property is called the homotopy 
principle. 

The existence problem of fold-maps has been first dealt with in [T] and [LI] in dimensions n> p = 2 
from a different viewpoint. In [El] and [E2] Eliasbcrg has proved a certain homotopy principle for 
fold-maps in the existence level for closed smooth manifolds. 

We will prove the following theorem in the existence level (see also Theorem 2.4) in §2, where two 
theorems [Gl, 4.1.1 Theorem] and [E2, 4.7 Theorem] will play important roles. 

Theorem 0.5. Let n > p > 2. Let N and P be connected manifolds of dimensions n and p respectively 
with dN = 0. Let C be a closed subset of N. Let s be a section ofr{N,P) such that there exists a fold- 
map g defined on a neighborhood of C into P, where j'^g = s. Then there exists a fold-map f : N ^ P 
such that j^f is homotopic to s relative to C by a homotopy h\ in T{N, P) with ho = s and hi = j^f. 

Most of the results in the case n = p of this paper except for Theorems 0.3, 2.4 and Proposition 5.7 
have already been proved in [An3]. 

We refer to [B-R], [S-S] and its references in low dimensions (3,2) and (4,3) in another line of inves- 
tigation concerning the existence problem of fold-maps of special generic type, which are closely related 
to the differentiable structures of manifolds. 

In §1 we explain well-known results concerning fold singularities. In §2 we state Theorem 2.4, which is 
another type of homotopy principle for fold-maps, and Proposition 2.5 without proofs, and prove Theorem 
0.5 by using them. In §3 we prove Theorems 0.1 and 0.3 by using Theorems 0.5 and 2.4. In §4 we prove 
Theorem 2.4. In §5 we prove Proposition 2.5. 

The author would like to thank the referee for his kind and helpful comments, which improved the 
paper. 

1 Preliminaries 

Throughout the paper all manifolds are smooth of class C°°. Maps are basically continuous, but may be 
smooth (of class C°°) if so stated. We always work in dimensions n> p> 1. 

Given a fiber bundle w : E ^ X and a subset C in X, we denote 7r~^(C) by E\c- Let tt' : P — > F be 
another fiber bundle. A map 5 : P — > P is called a fiber map over a map b: X—^YiiTT'ob = boTT holds. 
The restriction b\{E\c) : P|c F (or P|6(c)) is denoted by b\c- In particular, for a point x & X, E\x and 
b\x are simply denoted by E^ and bx ■ E^ ^ Fb{x) respectively. When E and P are vector bundles over 
X = Y , IIom(P, P) denotes the vector bundle over X with fiber Hom(P2;, Fx), x E X, which consists of 
all homomorphisms Ex Fx- A fiberwise homomorphism, epimorphism and monomorphism E F are 



2 



simply called homomorphism, cpimorphism and monomorphism respectively. The trivial bundle X x R*^ 
is denoted by 9x- In particular, 9]^ is often written as Ox- 

We review well-known results about fold singularities (see [B], [L2]). Let J''{N,P) denote the fc-jet 

space of manifolds A'^ and P. Let tt^ and np be the projections mapping a jet to its source and target 
respectively. The map tt^ x TTp : J^{N, P) ^ N x P induces a structure of a fiber bundle with structure 
group L''{p) X L'^in), where L'^{m) denotes the group of all fc-jets of local diffeomorphisms of (R^jO). 
The fiber (tt^ x 7rp)~^(a;,y) is denoted by J^y{N,P). 

Let TTi : J'^{N,P) J^{N,P) be the canonical forgetting map. Let T,\N,P) denote the sub- 
manifold of J^{N,P) consisting of all 1-jets z = j^ f such that the kernel of dxf is of dimension 
i. Let n"--P+'^{N,P) denote the union of S"-p(7V,'p) and S"-P+i(iV,P) in J\N,P). Wc denote 
(tt? )-i(E'(Ar, P)) by the same symbol i:^{N, P) if there is no confusion. For a 2-jet z = pj of Y,\N, P), 
there has been defined the second intrinsic derivative d^/ : T^N — > Hom(Ker((ia;/), Cok(d2;/)). Let 
T,^'^{N, P) denote the subbundle of J'^{N, P) consisting of all jets z ~ j^f such that dim{Ker (d^f)) = i 
and dim(Ker(d2/|Ker(4/))) = j. A jet of I]"-P+i'0(Af, P) will be called a fold jet. Let n"-P+^'°{N, P) 
denote the union of S"-P(iV, P) and S"-p+1'0(A^, P) in .P{N, P). Then Tr% x 7r|,|f2"-P+i'0(A^, P) induces 
a structure of an open subbimdlc of 7r2,x7r|,. Let J^,y{N,P), T^^y{N,P), n^-P+^(N,P), i:"-/+^^^{N, P), 
and il"^^'+^'°(A^, P) denote the respective fibers over {x, y). In particular, wc set j''{n,p) = Jq q(R", R^), 
^'{n,p) = Sj,,o(R",RP), Q"-P+\n,p) = n^7+i(R", R^ ), E"-f+i.O(n,p) = S^/+i'°(R", Rf ), and 

Let TTjv and ttp be the projections of N x P onto A'' and P respectively. We set 

J'^{TN,TP) = lIom{7r%{TN),n*p{TP)) Hom(52(7r^(TiV)), 7r;,(TP)) (1.1) 

over NxP, where S'^{tt'^{TN)) is the 2-fold symmetric product of w'^{TN). If we provide N and P with 
Riemannian metrics, then the Levi-Civita connections induce the exponential maps exp^ ^ : T^N — > N 
and expp j^ : TyP P. In dealing with the exponential maps we always consider the so called convex 
neighborhoods ([K-N]). We define the bundle map 

j2(Af, P)-* J2(T7V, TP) over AT x P (1.2) 

by sending z = j^f € y{^^ P) to the 2-ict of (expp j,)~^ ° .f o expjy at € TxN, which is regarded 
as an element of J"^ {T^N ,TyP){= Jly{TN,TP)). The structure group of .P{TN,TP) is reduced to 
0{p) X 0{n). 

In this paper we often express an element of J'^y{N,P) as (a,/3) for a £ lloni{TxN,TyP) and f3 £ 
iloui{S'^{TxN),TyP). For a subspace V in TyP, let pr{V) be the orthogonal projection of TyP onto V. 
For an element (a, /3) e S"~^'+^(A'', P), let denote the homomorphism defined by 

Pa = pr(Im(a)-L) o (/3|52Ker(a)), (1.3) 

where the symbol _L refers to the orthogonal complement. Under the identification (1.2), a £ y{N,P) 
lies in T,i^yiN, P) if and only if dim Ker(a) = i, and (a, /?) £ E^-p+^N, P) Hcs in E;\-P+i'"(iV, P) if and 
only if (3a is a non-singular quadratic form. Let i be an integer such that < /, < [(n — p -|- l)/2] ([a] 
refers to the greatest integer not exceeding a). Let I]"~*'+^'°(n,p)'' denote the subspace which consists 
of all elements (a, /3) € S"~P+^'°(n,p) such that the index (the number of negative eigen values) of is 
equal totorn — p-|-l — t depending on the choice of the orientation of Im(a)"'". Let Y7^~P'^^''^(N , Py 
denote the subspace of 1:'''-'p+^'°{N, P) associated to S"-P+i'°(n,p)'. 
By (1.1) and (1.2), J'^{n,p) is canonically identified with 

Hom(R", RP) © Hom(5'2R", RP) (1.4) 

under the canonical bases of R" and R^". For a jet z = j'^f £ J^(R",R''), we define ttj by 7rj(z) = 
Jo(^(~/(^)) ° / ° K^))^ where l{a) denotes the parallel translation defined by l{a){x) = x + a. Let tto : 
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Qn P+i.O(i^n p^p) Qn p+i>0(^ ^jjg restriction of ttj. We obtain the canonical diffeomorphisms 

TTRn X 7r|ip X TTJ : J2(R", RP) ^ R" x Rf x (Honi(R", W) Hom(52R", R^ )), (1.5) 
TTRn X 7r|,p X TTn : O"-p+1'0(R", Rf ) ^ R" x Rf x r2"-f+i'0(n,p). (1.6) 

Furthermore, wc always identify Hom(R" , R**) with the space Mpxn of all p x n matrices and identify 
Hom(S'^R", RP) with the space of all p-tuples of n x n symmetric matrices throughout the paper. 

Next we review the properties of the submanifolds S"-P+i(Af, P) and S"-P+i'0(Af, P) along the Une 
of [B, §7]. Let D' denote the induced bundle {nf^)*{TN) over J'^{N,P). Recall the homomorphism 

: D'^(7r|,)* (TP) over J^{N, P), 

which maps an element v = (-2, v') G with z = j^f to {z, dx/iv')). Here is identified with a section 
of Hom(D', {TTp)*{TP)) over J'^{N,P). Let K and Q be the kernel bundle and the cokernel bundle of 
d^ over S"^p+^(A^, P) with dimK =n — p + 1 and dimQ = 1 respectively. Then we have the second 
intrinsic derivative d^ : D' ^ Hom(K,Q) over J:"-p+^{N, P). Indeed, for z = j^f e ^"~p+^{N,P), 
the induced homomorphism ((j^/)*d^)j. : {{j"^ .f)*'D')x Ho^iiij'^ .f)*^)x, {{j^ f)*Q)x) is nothing but 
the homomorphism induced from d^f : TxN E.om.{Kei{dxf),Cok{dxf)) by (tt^)* and (TTp)*. As is 
explained in [B, p. 412], the second intrinsic derivative d^|K is extended to the epimorphism 

d^ : T(j2(A^,P))|sn-p+i(;v,p) ^ Hom(K, Q) over S"-P+i(iV, P), 

where K is regarded as asubbundle of T( J^(A^, P))|s"-P+i(Ar^p). Furthermore, on the subset of S"~p+^(A^, P) 
consisting of all jets z = j^f such that d{j^f) is transverse to T,'^~p~^^{N, P) at x, D' is regarded as a 
subbundle ofT{J'^{N, -P))|e"-p+i(jv,p) by [B, Theorem 7.15] (see also another interpretation of [An3, §1]). 
It has been proved in [B, Lemma 7.13] that there exists an exact sequence 

T(S"-P+i(7V, P)) ^ T{J\N, P))|e"-p+i(7V,p) ^ Hom(K, Q) 0. 

Under these notations, a 2-jet z e S"-p+1(A^,P) lies in E"-P+i'0(Af, P) if and only if <P\K^ is an 
isomorphism. This implies that T{E"--p+^{N, P))^ n = {0} for any jet z e E"--p+'^'°{N, P). Hence 
K|s"-P+i,o(jv p) and Hom(K, Q)| j;n-p+i,o(jv p) are isomorphic to the normal bundle of T,"~p~^^'°[N, P) in 
J^{N,P). 

Let Cq'{N,P) and r(iV, P) denote the spaces defined in Introduction with the continuous map j'n : 
C^{N,P) ^r{N,P). Let F*'' (iV, P) denote the subspace of F (iV, P) consisting of all sections s such that 
s is smooth on some neighborhood of s~^(E"~*'+^'°(A^, P)) and that s is transverse to I]"~^'+^'°(A^, P). 
Throughout the paper, s-i(S"-P+i'°(Af, P)) is denoted by S'(s). Let K(s) and Q(s) denote (s|5'(s))*(K) 
and (s|S'(s))*(Q) respectively Let d^s : TN -» (vrf, o s)*(TP) and d^s : TN\s(s) ^ }iom{K{s),Qis)) 
over S{s) denote the homomorphisms induced from d^ and d^jD' by s respectively. The map d^s induces 
a symmetric homomorphism q{s) : S'^K{s) Q{s), which we call the quadratic form associated with 
d\s. 

Then ds\{TN\g(^g-^) : TN\s(^s) ~^ T{J^{N, P))\-^n-p+i,o(^j^^p-) canonically induces the homomorphism 

d{s)^ : TiVU(,) ^ (s|5(s))*(r(j2(Ar,P))|j,„_p+.,o(;v,p)), (1.7) 
and d2 :T(j2(Ar,P))|j,n -p+i,o(jv,p) — * Hom(K, Q) similarly induces the homomorphism 

d\s)^ : {s\S{s)r{T{j\N, P))|5:n-.+i.o(jv,p)) ^ Hom(if(s), Q{s)). (1.8) 

Throughout the paper, S{s)'' denotes the subset consisting of all points c G S{s) such that the index of 
the quadratic form q{s)c is either t or n — p+l — t. li l ^ (n — p+l)/2, then we always provide Q{s)c with 
the orientation such that the index of q{s)c is equal to t. Furthermore, whenever TP is provided with a 
metric, Qz and Q{s)c are always identified with a line of (7rp)*(TP)z and a line of /*(TP)c respectively. 

A homotopy with A G [0, 1] refers to a continuous map c of J = [0, 1] into a space. For example, a 
homotopy h\ in F(A^, P) relative to a closed subset C of refers to a continuous map h : I ^ r(Af, P) 
such that /ia|C' = ho\C for any A. 
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2 Homotopy principle for fold-maps 



If for any section s of T{N, P) there exists a fold-map f : N ^ P such that j^/ is homotopic to s by a 

honiotopy in r(iV, P), then wc say that the homotopy principle for fold-maps in the existence level holds. 
In this section we prove Theorem 0.5 as a consequence of Theorems 2.2, 2.4 and Proposition 2.5 below. 
We also prove another version of Theorem 0.5 as follows. 

Theorem 2.1. Let n> p> 2. Let N, P and C be manifolds and a closed subset of N respectively and let 

g be a fold-map defined on a neighborhood of C into P. Let s be a section ofT*'^{N, P) such that j^g = s 
on a neighborhood of C and that Q{s) is a trivial bundle. Then there exists a fold-map f : N ^ P such 
that j'^f is homotopic to s relative to C by a homotopy h\ in r{N,P) such that ho = s, h\ = j^f and 
that Q{j^f) is a trivial bundle. 

If the closure of no component of TV \ C is compact, then the assertion of Theorem 0.5 is a direct 
consequence of [Gl, Theorem 4.1.1]. Theorem 0.5 is a relative form of a special case of [Anl, Theorem 
1]. Its proof given there was sketchy and the proof of Proposition 2.5 below was abbreviated, because 
it seemed a reformulation of Theorem 2.2 below. However, it turns out that Theorem 0.5 together with 
Theorem 2.4 is very useful as Corollaries 0.2 and 0.4 show. This is the reason why we give here its proof 
in detail for the case n > p. A proof of Theorem 0.5 for the case n = p is given in [An3, Theorem 4.1]. 

In the following definition let S^, . . . , S'['"^^+^'/^l be submanifolds of dimension p — 1 oi N, C be a 
closed subset of and let 5 be a fold-map into P defined on a neighborhood of C. 

Let m(N, P; 50, . . . , S'[("-p+i)/2]^ g) denote the space consisting of all fold-maps f : N ^ P, which 
is equipped with the C°°-topology, such that 

(1) SiffY = S" for < t < [{n-p+l)/2], 

(2) / = g on a neighborhood of C. 

Let m(A^, P;S",..., 5'[("-p+i)/21, C, g) denote the space consisting of all homomorphisms h:TN ^ TP, 
which is equipped with the compact-open topology, such that 

(1) if a; e TV \ (u[^"o"^+^^/^>S'^), then is of rank p, 

(2) for any point c G S'', there exists a neighborhood Uc of c in N and a fold- map fjj^ ■ Uc P such 
that h\TUc = dfu, and that S{ffuJ = C/c n S\ 

(3) for any point cG C, we have he = dgc- 
Then we have the continuous map 

d m{N, P;S°,..., ^[("-f +i)/21, C, g) ^ m{N, P;S°,..., S^^''-p+^^/^\C, g) (2.1) 

defined by d(/) = df. 

The following theorem due to Eliasberg[E2, 4.7 Theorem] will play an important role in the proof of 
Theorems 0.5, 2.1 and 2.4. 

Theorem 2.2 ([E2]). Let n > p > 2. Let N and P be connected manifolds of dimensions n and p 

respectively and let 5*", . . . , S'l'-"^''^^-'/^!, C and g be as above. Assume that each connected component of 
N \ C has non-empty intersection with each S"" {0 < l < [{n — p -\- l)/2]). Let B : TN TP be any 
homomorphism in m{N, P; 5°, . . . , S^^''-P+'^y'^\C, g). 

Then there exist a fold-map f : N ^ P in m{N, P; S° , . . . , S^'^''-P+^'>^^\C, g) and a homMopy of 
homomorphisms B^.TN ^ TP in m(iV, P; 5°, . . . , S'[(»-p+i)/2] ^ c, g) such that Bq = B, Bi = df and 
Bx\c = B\c for any X. 

We begin by preparing several notions and results, which are necessary for the proof of Theorem 
0.5. For the fold-map g and the closed subset C in the statement of Theorem 0.5, we take a closed 
neighborhood V{C) of C such that V{C) is an n-dimensional submanifold with boundary for a while and 
that g is defined on a neighborhood of V{C), where j'^g = s. Without loss of generality we may assume 
that N \ Inty(C) is nonempty. Take a smooth function he ■ N ^ [0, 1] such that 

hc{x) = 1 for X G C, 

hc{x) =0 for a; G iV \ Inty(C), (2.2) 

Q<hc{x)<l for X e IntF(C) \ C. 
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By the Sard Theorem ([H2]) there is a regular vahic r of he with < r < 1. Then h'^}{r) is a 
submanifold and we set U{C) = hQ^(\r, 1]). We decompose N\liitU{C) into the connected components, 

say Li,...,Lj, It suffices to prove Theorem 0.5 for each Lj[JlntU{C). Since dN = 0, we have 

that N \ U{C) has empty boundary. If Lj is not compact, then Theorem 0.5 holds for LjUlntU{C) by 
Gromov's theorem ([Gl, Theorem 4.1.1]). Therefore, it suffices to consider the special case where 

(CI) C has closed neighborhoods ?7(C) and V{C) with C/(C) Clnty(C), 

(C2) N \ V{C) 7^ and g is defined on a neighborhood of V{C), where j^g = s, 

(C3) N \ IntU (C) is compact, connected and nonempty, 

(C4) dU{C) and dV{C) are submanifolds of dimension n — 1, 

(C5) there is a smooth fimction he ■ N ^ [0, 1] satisfying (2.2) such that for a sufficiently small 
positive real number e with r — 2£ > 0, r — te (0 < t < 2) are all regular values of he, and hence 
he^{[r — 2s, 1]) is contained in V{C). 

Wcsct Vt = /i^"^(r— (2— t)e). There exists an embedding ey : Vox[0,2] such that ev/(Vb xt) = Vt- 
We denote, by N^, the union of N \ Int(/i^^([r — 2e, 1])) and ev{Vo x [0,t]). In particular, we have that 
N\lntN2 = U{C). Furthermore, we may assume that 

(06) s e T^''{N,P) and S{s) is transverse to Vq and V2. 

Remark 2.3. If g : {N,c) — !■ {P,g(c)) is a fold-map germ, and if c is a fold singularity, then d^g : 
TcN llom(K{j^g)c,Q{j^g)c) coincides with d^{j^g) and is an epimorphism {see §1). Since K{j^g)cr] 
Tc{S{j^g)) = {0}, we may regard K{j'^g) as the normal bundle of S{j^g) near c. 

Let s be a section of T*^{N,P). Recall the homomorphisms in (1.7) and (1.8) 

d{s)^ : TN\sis)Hs\S{s)nTiJ^N,P))\j:.-,+i.o^N^p^), 
d^{s)^ : (s|5(s))*(r(j2(7V,P))|s.-p+i,o(^,,p))^Hom(if(s),Q(s)). 

Since K{s) is a subbundle of T7V|s(s), we have the inclusion map ix^s) ■ ^{s) 2^-^|s(s)- By Remark 2.3 
there exists a normal bundle Af{s) of S{s) in TN\s{s) snch that if c e S{s)\lntNi, then J\f{s)c = K{s)c 
and if c S S{s) n IntA''i/2, then M{s)c is orthogonal to Tc{S{s)). Such a normal bundle is always denoted 
by M{s). If s G r*'"(7V, P), then d^(s)^ o d{s)^ is an epimorphism and d^s\K{s) is an isomorphism. Then 
we have the monomorphism $(s) : M{s) — > TN\s(^g-^ defined by 

$(s) = iK[s) o {d^s\K{s))-^ o d^{s)^ o d{s)^\Af{s). (2.3) 

Let i^f(^s) '■ A/'(s) — > TN\g(^s-) be the inclusion. If / is a fold-map, then it follows from the defini- 
tion of the intrinsic derivative and Remark 2.3 that ij^^^pf-^ = $(j^/), where Af{j'^f) = K{j'^f). Let 
Mono(A/'(s), TA^|5(g-)) denote the subset of Iiom(Af{s),TN\g(g-f) consisting of all monomorphisms. Then 
two monomorphisms ij\f(^s) ^(s) are regarded as sections of Mono(A/'(s), rA^|5(s)) over S{s). 

For a section s G T'^^{N,P), let S{s)'' \ IntJ7(C) be decomposed into the connected components 
M (s)p . . . , M{s)j (0 < i < [{n ~ p + l)/2]), which may have non-empty boundary. Any one of M (s)^ 's 
will be often denoted by M when wc fix it. For each M, the two sections i^f(s)\M and $(s)|m satisfy 
«A/'(s)|9M = *(s)|aM, where dM may be empty. 

Wc denote the bimdle of the local coefficients B{7Tp-i{Moiio{{Af{s)\M)c, {TN\m)c))), c e Af, by 
Binp-i), which is a covering space over M with fiber 7rp_i(Mono(A/'(s)c, TciV)) defined in [Ste, 30.1]. 
By the obstruction theory due to [Ste, 36.3], we have the primary difference d{ij^(^s)\M, 'I'("S)|m) de- 
fined in the cohomology group with local coefficients H^'^^ {M , dM]B{'Kp-i)) . Since Mono(R"'~^"'"^, R") 
is identified with GL{n)/GL{p — 1), it follows from [Ste, 38.2] that 

7r,_r(Mono(R"-+\R"))-| IJ odd or n = p, 

^ ^ I Z/2Z if p IS even and n> p. 

We should note that if p is even and n> p, then the bundle of the local coefficients is trivial. If p is odd 
ov n= p, then we have an integer m(s, M) such that 

HP-^{M, dM- B(7rp_i)) ^ Z/m(s, M)Z. (2.4) 
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In the following brief proof of this fact wc use the notation used in [Ste, §31]. Consider a triangulation 
of (M, dM) and let C*(M, dM;B{-Kp-i)) be the i-ih. cochain group. Let a'P'^M) be a (p- 2)-simplex of 
M \ dM which is a common face of two (p — l)-simplexes rf ~^ (M) and rf ~^ (M) of M. Let a„ and be 
base points of ^^'-^(M) and rf"^(M) {i = 1,2) respectively. Let uJa e CP-'^{M,dM;B{'Kp-i)) and S 

B(7rp_i)) be the dual p— 2 cochain and the dualp— 1 cochains oia^~'^{M) and Tf~^(M) respectively, which 
map them to the respective generators of 7rp_i(Mono(A/'(s)a„ , Ta^iV)) and 7rp_i(Mono(A/'(s)a^. ,Ta^,N)) 
{i = 1,2). Let 6 : CP-^{M,dM;B{Trp-i)) CP-^{M,'dM; 

B(7rp_i)) be the coboundary homomorphism. Then we have that 

5K)(Tr'(M))=c^.(9(rr'(M))) 

is equal to a generator of 7rp_i(Mono(A/'(s)o<,,T'a<,-^)) and if t{M) is one of the other p — I simplexes, 
then 5{lj„){t{M)) = 0. Therefore, we have Wn = ±Wr2 modulo lm{S). This implies (2.4). 
For the proof of Theorems 0.5 and 2.1 we need the following theorem and proposition. 

Theorem 2.4. Let n > p > 2. Let N, P, C, s and g be ones given in Theorem 0.5 which satisfy 
the assumptions (CI) to (C6). Suppose for each l that S{sy \ IntF(C) is a non-empty set and that 
S{s)''\hiiU(C) is decomposed into the connected components M{s)\, . . . ,M{s)j^ (0 < (. < [(n — p+ 1)/2]). 
Assume that '^(jA/'(s) Im(s)' ' *^('^)Im(s)'. ) ~ ^ f^^ a// j and l. Then there exist a hom,otopy s\ relative to a 
neighborhood ofU{C) in T[N,P) and a fold-map f : N ^ P satisfying the following. 

(1) So = s and s\ =pf, 

(2) SisxY = S{sy for any X and l, 

(3) if Q{s) is a trivial bundle, then Q{si) is also a trivial bundle. 

Proposition 2.5. Let n> p >2. Let N , P, C, s and g be ones given in Theorem 0.5 which satisfy the 
assumptions (CI) to (C6). Then there exists a homotopy sx relative to V{C) in r{N, P) with sq = s such 
that if S{siy\lntU{C) is decomposed into the nonempty connected components M{s-^)\, . . . , M(s^)^. , then 

(1) s,eT'-{N,P), 

(2) c?(W(si)L(,,)., ^(•si)Im(,i)5)= ° ■^"^ ^^^^ ""'^ ^' 

(3) S{sy\V{C) ^ if and only if S{s^y\V{C) ^ 0, 

(4) if Q{s) is a trivial bundle, then Q(si) is also a trivial bundle. 

The proofs of Theorem 2.4 and Proposition 2.5 will be given in §4 and §5 respectively. 

Here we give a proof of Theorems 0.5 and 2.1. In the proof we use the notation explained above. 

Proof of Theorems 0.5 and 2.1. By the above argument, it suffices to prove Theorem 0.5 for the case 
where (CI) to (C6) are satisfied. If there exists an l such that 5(s)' \ V{C) = 0, then we have a 
neighborhood U in some local chart of TV with C1(U) CN\ {V{C) U S{s)) and a homotopy s'^ e r(Af, P) 
relative to TV \ U with Sq = s and s\ G r*''(7V,P), which satisfies, for each i with S{sy \ V{C) = 0, the 
following. 

(1) 5'(s'i)' n U is nonempty and is the boundary of an embedded p-disk within U; these p-disks are 
mutually disjoint. 

(2) Q(s'i)|s(s'j)'nu and the normal bundle Ms(a'^Yr\'\j of S{s'y)'' fl U are extended to bundles over the 
respective p-disks. In particular, they are trivial bundles. 

It follows from Proposition 2.5 for s'-^ that there exists a homotopy s'^ relative to a neighborhood of 
V{C) in r(7V,P) with s'^ = s[ such that s'( e r*'-(7V,P) and rf(tArK')| , *(«'/) L,.,,,. ) = for all j 
and i and that 5'(s'/)'^ \ V{C) y for all l. By applying Theorem 2.4 to the section s'/, we sec that there 
exists a homotopy s'^ relative to a neighborhood of U{C) in T{N,P) with Sg" = s" such that there exists 
a fold- map f : N ^ P with j'^ f = s'(' . Thus we obtain a required homotopy sx by pasting ,s^, .s'^ and 
s"'. This proves Theorem 0.5. 

Next we prove Theorem 2.1 by using the above notation. Since Q{s) is trivial, Q{s[) is also trivial 
by (2) above. It follows from Proposition 2.5 (4) that Qis'l) is trivial. Therefore, Q{s'i ) is also trivial by 
Theorem 2.4 (3). This proves Theorem 2.1. □ 
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3 Proof of Theorems 0.1 and 0.3 



In this section we prove Theorems 0.1 and 0.3. 

The following lemma is a consequence of the fundamental properties of fold-maps ([El, 3.8 and 3.9] 

and [Sal, Lemma 3.1]). 

Lemma 3.1. Let n > p > 1. Let f : N ^ P be a fold-map. Assume that either n — p + 1 is odd, or if 
n — p + 1 is even, then Q{j^f) is a trivial bundle. Then there exists an epimorphism TN (B 6n ^ TP 
covering f. 

Proof. Recall the quadratic form q{P f) : S'^ {K {j"^ f)) Q{j^.f). If n — p+ 1 is odd, then we can provide 
Q{j^f) with an orientation so that this index is less than {n — p+l)/2. Consequently, Q{j^f) is a trivial 
bundle. Choose a Riemannian metric on P. Since Q{j^f) is the cokernel bundle of df\s(j2 /) : TN\s(j2 
TP, we may regard Q{j'^f) as a subbundlc of f*{TP) and obtain a monomorphism ip' : Q{j^f) — > TP 
covering f\S{pf). Let <f : 9n ^ TP covering / be any extended homomorphism such that ip\Q{j^f) = 
Then define the homomorphism h : TN (B 6n ^ TP by /i(vi ® V2) = c(f (vi) + <^(v2). It is easy to see 
that h is an epimorphism. □ 

If n — p + 1 is even, then Q{j^ f) is not necessarily trivial. The motivation of Theorem 0.1 is [El, 
3.10], [An3, Theorem 4.8] and the above lemma. We prove the following refined form of Theorem 0.1. 

Theorem 3.2. Let n > p > 2. Let f : N ^ P be a continuous map. Assume that there exists an 
epimorphism h : TN ® 6n ^ TP covering f. Then there exists a fold-map g : N ^ P homotopic to f 
such that Q{pg) is a trivial bundle. 

Proof of Theorem 3.2. We set £, =Ker(/?,). Let : ? ^ TN®9n be the inclusion. Let irg^ : TN(B9n ^ 6'jv 
be the canonical projection. Then we have the homomorphism ne^ o i^ '■ ^ ^ On, which we regard as 
a section of Hom(^, Om) over N. We deform h by homotopy to a smooth epimorphism, denoted by the 
same letter h, such that -Kg^ o is transverse to the zero-section of IIom(^, 9m). Let V be the inverse 
image of the zero-section of Hom(^, ^jv) by tt^j^ o i^. Then the normal bundle of V in is isomorphic to 
Hom(^|v, 9v). We now consider the homomorphism h\TN : TN TP. 

Let X & N \ V . For any vector v GTf(^x)P, let v =/i(wi ® W2) with wi e T^N and W2 G {9m)x- Since 
■Kg^oi^ : {9n)x is surjective, there exists a vector Vi e with tt^Ij^ o i ^ (vi ) = W2. Let Vi = W3©W2 

with W3 e T^N. Then we have 

/l(wi — W3) = /l(wi © W2 — W3 © W2) 
= V-/l(Vi) 
= V. 

Hence, hlT^N is surjective onto Tf(^^^P. 

Let X € V. Since tt^j^ o is a nuU-homomorphism and since the kernel of tt^^- is T^N, we have 
ix C T^N. Since Ker(/i) = ^, we have Ker(/i|Tj,iV) = ^a,. Since ^ is of dimension n — p + 1, we obtain 
that h\T^N is of rank p-1. Therefore, h\TN : TN TP induces a homomorphism H : TN f*{TP), 
which is regarded as a section s' : N ^ il.'^~P~^^{N, P). Next we show that the line bundle Cok{h\TN)\v 
is isomorphic to 9v. In fact, the exact sequence 

^ TN\v ^ f*{TP)\v ^ Cok{h\TN)\v ^ 

yields 

Wi(Cok(/i|TiV)|y) = Wi{f*{TP)\v) - Wi{TN\v) + Wi{^\v) 

= Wi{9v), 

where Wi refers to the first Stiefel- Whitney class. Since Cok(ft,|rA^)|v' and 9v are line bundles, we 
obtain the assertion. By choosing a Riemannian metric on P, we regard Cok{h\TN)\v as a subbundle of 
f*{TP)\v. 



8 



We take any non-singular symmetric map b : (g) Cok(ft,|TA^)|y (c /*(TP)|y). Let b : 

S'^{TN) f*{TP) be any extended homomorphism of b. Under the identification (1.2), we define the 
section s : N ^ O"-f+i>0(7V, P) as follows. For xG N, set 

s{x) = {xJ{x),H^,\i^}. 

\i X (fiV , then is nonsingnlar and if x € V, then Ker(i7a.) = and b^, is nonsingular. 

By Theorem 2.1 there exists a fold-map g : N ^ P such that pg and s are homotopic as sections 
in r(A'', P) and that Q{j^g) is a trivial bundle. In particular, g is homotopic to /, and the theorem is 
proved. Hence, Theorem 0.1 is also proved. □ 

Next we prepare tools necessary for the proof of Theorem 0.3. Let A(rfi, . . . , dk) be the diagonal kxk 

i-l k-i 

matrix with diagonal components {di, . . . , dk)- In R*^ for any number k, the vector * (0^~?'^7o, 1, 0, . . . , 0) is 
denoted by ei. For a point y = (yi, . . . , yk) & R'^, let T^{y) denote the kxk matrix {5ij — 2yiyj)i<ij<k, 
where 6ij refers to the Kronecker delta. Let T*^ : ^Rfc denote the homomorphism defined by 

T^{y,^) = (j/, T'^(y)(v)). The formula detT'°(t/) = 1 — 2(y^ + • • • + 2/^) is well known as an ex- 
ercise in linear algebra. For simplicity we write T{y) and T for T"{y) and T" respectively. Let 

n-j ^ 

A[a;j] be lS.{'a^!^^~^,—a,...,—a). In particular, for £ = 1 or we denote A[l;e] by /"g. Let T7"g 
(rcsp. riiT): be the homomorphism defined by TI'!!^^{y,v) = (y, T(y)/"g(v)) (resp. by 

I"iT{y,\-) — {y,I^iT{y){v))) and T{y)I"^{p) the px n matrix consisting of the first p row vectors of 
T{y)T":^. Then we have the homomorphisms TI!!:^{1) : 6'^„ 9^^ and Tr_^Xp) ■ ^r- ^ ^r- defined by 
T/«,(^)(y, v) = ((yi, . . . (r(y)/!!,(i))v) and T7!!,(;)(y, v) = {y, (r(j/)/!!,(i))v) respectively, where 
y = {yi, . . . ,yn) & R". Let 0„,_p be the null vector of degree n — p. The subset of R" consisting of 
all points y such that T{y)I'^^{p) is of rank p — 1 coincides with S^'I^J^ x 0„_p, which is the subspace 

consisting of all points y = (yi, . . . , y„) such that 2(y^ -|- • • • -|- y^) = 1 and yp+i = • • • = yn = (see 
Lemma 3.3 below). We denote the intrinsic derivatives of TJ"g(p) for n > p and /"^T for n = p due to 
I. R. Porteous (see [B, Lemma 7.4]) by d(T7!!^(p)) and d(7!!iT) respectively on S^^^ x 0„_p. In the 

following lemma we set c = *(ci, . . . , Cp, 0, . . . , 0), c = *(ci, . . . , Cp) and c~ = *(ci, . . . , c„_i, — c„). 

Lemma 3.3. (1) T{y)I"^(^) {resp. /";^T(y)) is of rank p (resp. rank n) if and only if y ^ 0„_p 
{resp. y i S^J^). 

(2) // c e X 0„_p, then we have 

(2-i) T(c)/"£(p) {resp. /"iT(c)) is of rank p— 1 (resp. n— 1), 

(2-u) the kernel of T{c)I'^^{p) is generated by the vectors c, Gp+i,..., e„ (n > p), 
(2-iii) the kernel of I"iT{c) is generated by the vector c (n =p), 

(2-iv) the cokemel of T{c)I"g{p) is generated by c (« > p), 
(2-v) the cokemel of I^iT{c) is generated by c~ {n =p), 
(2— vi) the intrinsic derivatives satisfy 

(de(T7:!,(J))(c))(c) = 2(-c), 

(d,(T/!!,(J))(c))(efe) = forn>k>p+l, 

(d,(T/!!,(p))(efc))(e£) = 24f(-c) for n > k > p + 1 and n > £ > p + 1, 

(de(T/!!,(^))(efc))(e^) = (-l)^*-25fe^(-c) forn = k>£>p+l, 

(de(/!!iT)(c))(c) = 2(-c-) for n = p. 
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Proof. Suppose that n> p and one of Vp+i, . . . , is not 0, say Up+i ^ 0. Then we have 

/ -2yiyp+i \ / yi \ 

{6ij - 2yiyj) : 



rank 



rank 



-2ypyp+i I 



E„ 



\ 



■P, 



where Ep is the unit matrix of rank p. Next suppose that yp+i = • • • = 7y„ = 0. Since detTP(?/i, . . . ,yp) = 
1 - 2(j/2 + . . . + y2)^ T{y)I1,_Cp) is of rank p if and only if y ^ Sl'^ x 0„_p. 

If c G S^' \- X On-p, then one of Ci, . . . ,Cp is not 0, say Cp ^ 0. Then we have 

i/v ^ 

detTf-i(ci, . . . ,Cp_i) = 1 - 2{cl + ■■■ + c^_i) = 2cl ^ 0. 

Hence, T(c)(p) is of rankp— 1. This proves (1) and (2-i) for n > p. The assertions (1) and (2-i) for n = p 
and (2-ii, iii, iv, v) follow from a direct calculation. 

We prove the assertion (2-vi). Let Ojxj be the i x j null matrix. lfp+l<k<n and p + I < i < n, 
then we have 

-2(-l)=^'="2/i \ 



d/dy,{T{y)rXp)) 







'px(fe-l) 







-2(-l)-^-yp 



px (n—k) 



I 



and hence, 



Hence, we have 



(a/ayfe(T(j/)7!!,(^)))(e,) = \-2{-\r'-Huyx, • • • , -2{-\r'-HuVp). 



(rfe(T7!!,(^))(e,))(e,) = 2(-l)^^-5fe,(-c). 
Furthermore, consider the curve tc = t{ci, . . . , Cp, 0, . . . , 0) parametrized by t. Then we have 

d/dtiT{tc)rXp)) = ( (-4fciC,),<. Opx(n-p) ) , 

and hence, (dc(T/!*^(J))(c))(c) = 2(-c) and (dc(T/!!^(p))(c))(efc) = Oforp+l<A;<n follow from 

(9/at(r(te)/!!,(i))|,.i)(c) = -4||cf c = 2(-c), and 



{d/dt{T{tc)I-^il))U^,)ie,)=0 



for p + 1 < k < n, 



respectively. 

If n = p, then we have, for /"^T, 



d/dt{r^T{tc)) = 



{-4:tCiCj)l<i<n-l 
1< j<ri 

1 ? 

4te„ 



and hence (dc(/"iT)(c))(c) = 2(— c ) follows from 

{d/dt{I\T{tc))\t=i){c) = -4||c||'c- = 2(-c-). 
This shows the assertion. 

It will be plausible to search fold-maps which have spheres as singularities as in Theorem 0.3. 



□ 



Proof of Theorem 0.3. We may assume that N is connected. Let h' : TN^On /* (TP) 0^06* at over N 
be an isomorphism. Take a local chart Up of P diffeomorphic to with f~^{Up) ^ 0, where we have a 
trivialization TP\ijp = 0^^- Take a point o <£ f~^{Up) C N and an embedding e : R" N with e(0) = a 
such that e(R") is contained in a contractible neighborhood U of o in f~^(Up), which is a local chart of 
AT and ^. Set D = e{D^), where is the unit disk in R". Since 0{n+l)/{0{n) x 1) is (n- l)-connected. 
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there exists a bundle map h' : TA^|;v\iuts ^ if* (TP) ® OlAr\int£) such that h' ® ide^^^^^^ is homotopic 
to h'\N\intv by the obstruction theory. If 7r/.(TP) : .f*{TP) ® ^ ^ /*(TP) and ttj : /*(rP) © ^ ^ ^ are 
the canonical projections, then we have h' = (nf^TP) ° h') © (ttj o h'). 

By applying the Phillips Submersion Theorem ([P]) for iTf-(^TP) ° h', we obtain a submersion g : 
7V\Int£» P and^dg : T{N\IntD) TP mduces a bundle map dg : T(7V\IntD) g*{TP) such that 

7r/*(TP) o h' and dg are homotopic. Hence, dg © (ttj o h') : rA''|jv\int2) — * 9*{TP) © C|jv\intZ) is homotopic 
to h'. Therefore, we may assume the following by a routine argument: 

(i) /|(Ar\IntS))=,9. 

(ii) We have a bundle map h : TiVljvxints 9* {TP) © Cliv\ints and an isomorphism h : TN © ^at — » 
/* (TP) © ^© 6'iv such that h = dg®{TT^o h') (note that (ttj o h') = (ttj o h)) and ^NXi-atv = h®id0^^^^^^ . 

Since U is contractible, we have trivializations In '■ TN\u — > 6jj, tp : /*(TP)|i7 — > and : £\u — > 
We consider the bundle map 

^ = {tp®^)oho i^V\IntS) : ^^\IntS) ^ ^^\Int25. 

which we regard as a map ?7\IntS) ^ GL^{n) by choosing appropriate orientations of TiVjc/ and 
f*{TP)\u {GL~^{n) refers to the group of all n x n regular matrices with positive determinants). Note 
that ^' © icJ0jj\i„tj, is extended to the bundle map 

^ = (tp © © id0^)oho {tN © ide^y^, 

which is regarded as a map U — > GL^{n + 1). Let iGL+ '■ GL'^{n) — > GL^{n) x 1 c GL~^{n + 1) be the 
inclusion. By construction, we have _ 

*|c/\IntS) = iGL+ O ^. (3.1) 

In the following, [*] expresses the homotopy class represented by *. It follows from (3.1) that {iGL+)* '■ 
7r„_i(G'L+(n)) ^ 7r„_i(GL+(n + 1)) maps to 0. 

Wc use the map P : dD"^ dD'^ defined by (j/i, . . . ,t/„) ^ {yi,. . . (-l)-'?/„) {0 < j < n-p+1). 

In particular, we have that 

(7!!iT) o i\y) = r,r,T{y)r, = T{y)r,. 
This implies that if j is odd, then 

in nn-i{SO{n)). Let : SO{n) S"~^ be the map defined by p^{T) = Te„. We have the homomor- 
phisms dn : 7r„(6'"-i) TT„_i{SO{n - 1)) and p^ : 7r„_i(50(n)) ^ 7r„_i(S'"-^). Then the kernel of 
(*GL+)* is described as follows (sec [Stc, 23.2 Theorem and 23.4 Theorem] and [W, Proposition 4]). If 
n= 1,3, 7, then {iGL+)* is an isomorphism and 7r2(-S'0(3)) = 7r6(S'0(7)) = {0}. If n is odd and n ^ 1, 3, 7 
(resp. even), then the kernel of {iGL+)* is generated by 

which is of order two (resp. oo, and is mapped onto the twice of a generator of 7r„_i(S'"^^) by pf). 
Hence, by identifying dD and dD^ with we have an integer m such that [^las] ~ to[/"iT|(Jd;^], 

where m = for n = 3, 7 and m = or 1 for other odd numbers n greater than 2. 

Let ^ be a non-negative integer such that £ > [{n—p+l)/2], which will be defined below. By identifying 
IntS with R" coordinated by (zi, . . . , z„), we choose disjointly embedded n-disks Ej (0 < j < £) with 
center Oj and radius 1. We represent a point x G Ej by the coordinates 

y{x) = {yi{x),...,yn{x)) = {zi{x),...,Zn{x)) - Oj. 
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Next we extend dg to a homomorphism H : TN f* {TP) such that H is of rank > p — 1 and is of 
rank p—l exactly on a finite number of spheres embedded in E^'s. Consider the foUowing cases to define 
: U^=oEi ^ Hom(R", R"), where G refers to [{n - p + l)/2] for short. 
Case T. n > p> 2 and n is odd. 
(lA: m = 0, G = 1(2) and £ = G), 
(IB: m = 0, G = 0(2) and ^ = G + 1), 
(IC: m = 1, G = 0(2) and £ = G), 
(ID: TO = 1, G = 1(2) and ^ = G + 1). 
In the cases (lA, IB, IC, ID) we set 

4iE = (/»^r) o V{y{x)) for x € E^- (0 < j < i). 

Case II: n > p > 2 and n is even. 

(IIA: TO > 0, G = 0(2) and £ = G + TO + 1). 

^ / {I^iT) o y"(y(x)) for xGEj {0<j<G + 1), 
^ \ (7!!iT)(y(a;)) for a; e Ej (G + 1< j < G + to + 1). 



(IIB: TO > 0, G = 1(2) and £ = G + to). 



^ / (I^liT) o V{y{x)) for x G E,- (0 < j < G), 



(/:!iT)(2/(a;)) for a; e E^ (G < j < G + to). 

(IIC: TO < 0, G = 0(2) and i = G + \m\ + 1). 

^E^f (/!!ir)oiJ(y(a;)) for a; G E,- (0 < j < G + 1), 

^ \ {I":^T)oi\y{x)) forxeEj (G + l<i<G + |TO| + l). 

(IID: TO < 0, G = 1(2) and £ = G + |to|). 

^E _ / (I^ir) o P{y{x)) for X G E,- (0 < j < G), 

^ \ (/!iiT) o ii(y(.iO) for a: G E^- (G < j < G + |to|). 

Case III: n = p > 2 and n is an odd number except for 3 and 7. 
(IIIA: TO = and £ = 1) 

*E = {in^T){y{x)) for x G E, (j = 0, 1). 

(IIIB: TO = 1 and £ = 0) 

*E = {in^T){y{x)) for a; G Eq. 
Case IV: n = n = 3, 7, to = and £ = Q. 

= {ri^r){y{x)) forxGEo. 

Case V: n= p>2 and n is even. 
(Case VA: to > and ^ = to - 1) 

^fE = {r^T){y{x)) for a; G E^- (0 < j < to - 1). 

(Case VB: to = and £ = 1) 

*^ = {II-^T) o i^(y(a;)) for x G Ej (0 < j < 1). 

(Case VC: to < and £ = |to| - 1) 

^fE = (/!!^T) o ii(y(a;)) for x G E^- (0 < j < |to| - 1). 
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We can extend ^ and to a homomorphism ■ ^ that ^u\e, ■ Hom(R",R") 

coincides with ^'^Ie^- In fact, in IntS, connect the base point (0, ... ,0, 1) of Eq with the base points 
(0, . . . , 0, 1) of the other Ej's (j ^ 0) by paths, which are disjoint except at (0, . . . , 0, 1) of Eq. By the 
definition of wc have that the sum ^''^Iqeo + • • • + 5'^|se#: and 5*^1 a® arc homotopic to each other 
when regarded as maps S"~^ GL^{n). Then it is an elementary consequence of the homotopy theory 
that * and are extended to as maps U Hom(R",R") so that ^u\{U\ (U^^oIntEj)) is a map 
into GL~^{n). For n > p > 2 let ttrp : R" — > R^ be the canonical projection onto the first p components. 
Then we set 

H{w,) = (x, rf.ff(v,)) for V, G T,{N \ IntS)), 

H{t]^\x,^r))=tp\x,^^n^o^^{v)) for x e [/, v e R". ^ ' 

This is well defined by the property (ii). In particular, wc have H{t~l^^{x,v)) = tp^{x,TriiP o ^'^(v)) 
for X e Ej {0 < j < £), V e R". We note that if n > p, then Trnp{I-i'T{y){v)) = 7rRp(r(y)(v)) and 
7rRp(/!!i/!!iT(2/)7!!i(v)) = 7rR.(T(2/)7!!i(v)) for y e R", v e R". 

In Ej, let denote the (p — l)-sphere consisting of all points (yi, . . . , yp, 0, . . . , 0) with 2{yf + 

' ' ' + Vp) = 1- By Lemma 3.3, wc have that H is of rank p outside of uj^giSg"^ and that H is of rank 
j3 - 1 on uj^o^^^V Hence, H defines a section sh : N ^ 0"-p+1(A^, P). 

Now we are ready to define a section s G r*^(A^, P) satisfying the assumption of Theorem 2.4. Under 
the identification (1.2), we first define s{x) = (x, /(x); H^, B^) for x G Ej as follows. 

Let n> p> 2. Define the integer to be = j for j < G and J(j) = for j > G. Then we set 

= -(yi(x)A[4;7(i)], . . . , yp(x)A[4; 7(i)]), 

where if x e S^^, then we use the notation c(x) = (ci(x), . . . , c„(x)) in place of y{x) = (yi(x), . . . , yn{x)) 
and write B^ = -(ci(x)A[4; Cp(x)A[4; 7(j)]). Recall that 

ffx = TTR. o (7!!iT) o i\y{x)) 

_ { ttrp o (7";^T)(j/(x)) if i is even, 
~\ TTRP o (T7!!i)(j/(x)) if i is odd. 

By Lemma 3.3, if x € S^.^ , then Ker77j, is generated by the vectors c(x), ep+i,..., e„ and Cok77j, is 
generated and oriented by — c(x). Furthermore, we have 



(7(s(x))(c(x),c(x)) =2(-c(x)), 
g'(s(x))(efe, c(x)) = for p < fc < n, 

and p < £ < n, 
< n and p < £ < n. 



(3.3) 



Namely, the symmetric matrix associated to q{s{x)) has the index 7(j) under the basis c(x), ep+i,...,e„. 

Let n = p > 2. When m < and n is even, we have to use {I^^T) o i^(y(x)) on Ej for some j. By 
Lemma 3.3 (2), Ker(7!!iT(c(x))) (resp. (7!!:iT) o ii(c(x))) is generated by c(x) (resp. 7!!i(c(x))), and 
Cok(7"jT(c(x))) (resp. Cok((7"]^T) o ii(?y(.T)))) is generated and oriented by —c~(x) (resp. — c(x)). In 
the cases HI, IV, VA, and VB with j = we set 

Bx = -(yi(x)A[4;0],...,t/„_i(x)A[4;0],-t/„(x)A[4;0]) for x e E,-. 

Then it follows that 

g(s(x))(c(x),c(x)) =2(-c-(x)) on (3.4) 
If either m = and j = 1, or m < 0, then we set 

= -(yi(a;)A[4;0], . . . ,i/„_i(x)A[4;0],2/„(x)A[4;0]) for x e E,-. 
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Then it follows that 

q{s{x)){i:i,c{x), ri,c{x)) = 2(-c(x)) on S^-\ (3.5) 

For X G S^^, q{s{x)) is nonsingular and hence s{x) S Vi^~^i^^'^{N,P). If x <^ U^^q'^'e^^j then Hx 
is nonsingular and we can extend to a section s G T{N, P), since the fiber of wf\fl"~P^^''^{N, P) over 
s{x) is contractible. 

By construction, S{sy is nonempty for each < t < [(n — p + l)/2]. 

Next we see that s lies in r*'^(A^, P). By definition, (f{s)r^ o ^(s)^ : TN\s(^s) ^ Hom(ii:(s), g(s)) on 
each corresponds to the respective second intrinsic derivative d(T7"g(p)) or d(/"iT) on each 
in Lemma 3.3 (we note that is a diffeomorphism) . Hence, s is transverse to (AT, P) on each 

S^, ^. This implies the assertion. 

We now consider the primary differences. Let A/'(s) be the orthogonal normal bundle of uj^Q^g"^. We 
show that rf(i7\^(s)|^p-i, $(s)|^p-i) = for allEj except for CciseVB, j = 1 and CaseVC, < j < \m\ — l. 

By Lemma 3.3 and (3.2) we have jV(s)c(x) = K{s)c(x)j which are generated by c(a;), ep+i, . . . , e„ for n > p 

and by c(a;) for n = p. It follows from Lemma 3.3, (3.3), and (3.4) that Q{s)c(x) is generated and oriented 

by —c{x) for n > p and by — c~ (x) as described above for n = p. Furthermore, by the above fact about 
(f{s)^ o d(s)^, we have, in the case n> p>2, 

d,(x)Hm^^c,{x)d/d,Mc{x)) = 2(-c(x)), 
dc{x)H{TP^^^c,{x)^/^yi){ek) = for p < fc < n, 

25fe«(— c(a;)) for p < A; < n — and p < £ <n, 
—2Ske{—c{x)) for n — < k < n and p < £ <n. 



dc{x)H{d/dyk){ee) 



Hence, we have that W(s)l5P-i and $(s)|gp-i are homotopic as monomorphisms M{s)c(x) Tc(x)N by 

^3 

(3.3). The case n = p is similar. 

Finally we consider CaseVB, j = 1 and CaseVC, < j < \m\ — 1. The kernel of (/"j^T) o i^{y{x)) 
is generated by J"i(c(a;)) and the map dEj S"~^ defined by x i — > A/2/"i(c(a;)) is of degree — 1. 
Since the map dEj S"'~^ defined by x i — > \/2(c(x)) is of degree 1, we have that (i(i_^(s)|gp-i, 

$(s)|gp-i) = 1 — (—1) = 2. We have a way to remove this obstruction by using Remark 4.5 and Lemma 

5.6. Let Qn : R" R" be the fold map defined by 5„(a;i, . . . ,x„) = (xi, . . . , Xn-i,x^). By Remark 4.5, we 

can choose two distinct points cj(a:), c^{x) of for all such j's and respective small ball neighborhoods 
U{c]{x)), V{c]{x)) and f/(c2(a;)), V{c'j{x)) with V{c]{x)) ClntU{c]{x)) and F(c2(a;)) Clnt[/(c2(a;)), 
which do not intersect with the other Efe. Furthermore, there exists a homotopy s\ € r*'"(7V, P) such 
that for all j in CaseVB, j ~ 1 and CaseVC, < j < |m| — 1, 

(1) So = s and S{s\) = S{s), 

(2) sx\{N \ {U{c]{x)) U U{c]ixm = s\{N \ (C/(c](a:)) U Uicjix)))), 

(3) si|F(cj(.'r)) = j^(/„ [F(c](a;)) and si\V{Cj{x)) = gn\V {cj (x)) hold under suitable coordinates on 
U{cj{x)), U{cj{x)), TTp o si(?7(c](a;))) and ttp o si{U{cj{x))), where the n-disk D'^q with radius 10 in R" 
corresponds to those points inside Inty(cj(a:)) and Inty(c|(a;)). 

We replace si = j^gf„ with the section n7+ given in Lemma 5.6 on V{cj{x)) and V{c'j{x)) for each 
j. We denote this new section by s. Then by the additive property of the primary difference we have 
diiAr(,)\sp-^, *(s)l5P-i) 0. 

This implies that s for the cases except for CaseVB, j = 1 and CaseVC, < j < |m| — 1 and s 
satisfy the assumption of Theorem 2.4. Therefore, the assertion of Theorem 0.3 follows from Theorem 
2.4. This completes the proof. □ 

We obtain another version of a theorem due to Eliasberg[E2, 5. ID and 5.4]. 
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Corollary 3.4. Let n > p > 2. Any continuous map f : S" ^ is homotopic to a fold-map which 
folds exactly on the boundaries of a finite number of disjointly embedded disks of dimension p within an 
embedded disk of dimension p in S'^. 

After this paper was submitted, the author was informed of the result [Sp, Theorem 5.1], which is 
related to Theorem 0.3. The approach of the arguments to his result seems quite different from ours. 



4 Proof of Theorem 2.4 

Let (5 be a small positive smooth function on a manifold X equipped with a Riemannian metric and let E 
be a subbundle of TX. In this paper Ds{E) always denotes the associated disk bundle of E with radius 

5 such that expx,x \Ds{E)x is an embedding for any x G X. 

The method of the proof of Theorem 2.4 is technically the same as the proof of [An3, Proposition 4.6] 
for the case n = p. Nevertheless, it will be necessary in understanding Theorem 0.5 to write it noticing 
the arguments and tools for the case n> p. 

Let s be a section of r*^{N,P) and let M be any one of M(s)^'s. If rf(w(s)lM) ^(■s)Im) = 0; then 
there exists a homotopy <^^(s)a : A/'(s)|m ^ TN\m relative to M\IntAfi in Mono(.A/'(s)|M, rA''|M) 
such that (f'^^{s)o = W(s)|m and (p^^{s)i= $(s)|m by the definition of the primary difference. Let 
Iso{TN\m, TN\m) denote the space consisting of all isomorphisms of TcN, c G M. We define the restric- 
tion map 

TM : Iso{TN\m,TN\m) ^ MonoiM{s)\M ,TN\m) 

by rM{h) ~ h\N{s)c^ where h : T^N TcN. Then tm induces a structure of a fiber bundle with fiber 
Iso(R^^^, RP^^) X Hom(RP^^, R""^^'^). By applying the covering homotopy property of the fiber bundle 
Tm to the sections id^jviw and the homotopy (p'^{s)\, we obtain a homotopy <E>*^(.s)a : TN\?,[ TN\m 
such that $*^(s)o = idTN\M^ ^*^(s)a|c = idr^N for any c G M\IntiVi and tm o <I>*^(s)a = ^^'{s)x. We 
define $(s)a : TN\s^,) ^ TN\s^,) by $(s)a|m = '^^{s)^ and $(s)a|c = idr^N for any c e U{C) n S{s). 
In the proof of the following lemma, $(s)a|c (c S S{s)) is regarded as a linear isomorphism of T^N . 
Let ro be a small positive real number with ro < 1/10. 

Lemma 4.1. Let s G r'' (A^, P) be a section satisfying the hypotheses of Theorem 2.4. Then there exists 
a hmnotopy s\ relative to N\ Int7V2-4ro in T*^{N,P) with sq = s satisfying 

(4.1.1) for any X, S{sx) = S{s), 

(4.1.2) for any point c <E S{si), we have K{si)c —Af{s)c and d'^{si)^ o d{s^)^\K{si) = d'^si\K{si). 

Proof. Recall the exponential map expjy ^ : T^N — * N defined near G T^N. We write an element of 
N'{s)c as (c, v). There exists a small positive number 6 such that the map 

e : Ds{J^{s))\sis)nN, ^ N 

defined by e(c, v) = expjY^(c, v) is an embedding, where c e S{s)r\N2 and (c, v) e Ds{Af{s)c) (note that 
e\{S{s)r\N2) is the inclusion). Let : [0, oo) [0, 1] be a decreasing smooth function such that ^p{t) = 1 
if t < 6/10 and ^j{t) = if t > (5. 

If we represent s{x) e r2"^P+^'°(A^, P) by a jet j^a^ for a germ '■ {N, x) (P, TTp o s{x)), then we 
define the homotopy s\ of r*''(A^, P) using $(s)a by 

SA(e(c, v)) 

•2 / I -1 \ if c e 5(3) n A/'2 and I V < (5, 

= Je(c,v)K(c,v) ° expjv,c°$(s)v,(||v||)Alc ° exp^^J (4.1) 

s\{x) = s{x) if X ^ Im(e). 

Here, $(s)^(||^||)^|c refers to £{v) o ($(s)^(||v||)a|c) o ^(-v), where £(*) is defined in §1. If ||v|| > 6, then 
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$(s)^(I|v||)a|c = ^(s)o|c, and if c e S'(s)\IntA^2-4ro) then $(s);^|c = $(s)o|c- In these cases we have 
sx{e{c, v)) = (ae(c,v) o expjv,^ o*(s)^(||v||)aIc ° exp^^^J 

= ie(c,v)(f^e(c,v)) 

= s(e(c, v)). 

Hence, s\ is well defined. Furthermore, we have that 

(1) 7r|, o sx{x) ^TT^o s{x), 

(2) S{.sx)^S{s), 

(3) if c e S{s), then we have that $(.s)i(A/'(.s)c) = K{s)c, 

(4) SA is transverse to S"-P+i-"(i¥, P). 

The property (4.1.2) is satisfied for si by (4.1) and (3). □ 

For a vector bundle T over S and a map j : 6" — > E, the induced bundle map — > T over j is 
denoted by j'^ in the following. 

The following lemma is proved similarly as in [An3, Lemma 6.2] by using the Hirsch Immersion 
Theorem [HI], and its proof is left to the reader. 

Lemma 4.2. Let s be a section ofT*^{N,P) satisfying the property (4.1.2) for s {in place of Si) of 
Lemma 4.1. Then there exists a homotopy sx relative to N \ IntA^2-4ro T*^[N,P) with sq = s such 
that 

(4.2.1) S{sx) = Sis) for any X, 

(4.2.2) TTp o si|5'(si) is an immersion into P such that d{Trp o si|S'(si)) : TS{si) TP is equal to 
(TTp o si)'^^ o d^si\TS{si), where (TTp o si)^^ : (TTp o si)*TP — > TP is the canonical induced bundle map. 

Here we give two lemmas necessary for the proof of Theorem 2.4. Their proofs are elementary and so 
are left to the reader. 

Lemma 4.3. Let tt : E ^ S be a smooth (n — p + 1)- dimensional vector bundle with metric over a 
{p — \)- dimensional manifold, where S is identified with the zero-section. Let fi : E P {i = 1,2) be 
fold-maps which fold exactly on S such that 

(i) fl\S^f2\S, 

(ii) dcfi = (ic/2 and df, fi = for any c E S, 

(iii) K{j^fi)c are tangent to Tr^^{c) for any c G S. 

Let ri : S [0, 1] be any smooth function. Then there exists a positive function e : 5 ^ R such that 
exPpji(c)((l - V{c)) exp~j^^^^{fi{vc)) + v{c) exppj^^^^{f2{vc))) , which is denoted simply by ((1 - T])fi + 
'?/2)(vc), is contained in a convex neighborhood of fi{c) = /2(c) in P for any c € S and G 7r~^(c) 
with ||vc|| < e(c), and that the map (1 — r?)/i + 77/2 is a fold-map which folds exactly on S and satisfies 
rfc((l - V)fi + Vf2) = dcfi and dl{{l - r,)h + Vf2) = d^fi. 

Lemma 4.4. Let n : E ^ S be a smooth (n — p+ 1) -dimensional vector bundle with metric over a{p—l)- 
dimensional manifold, where S is identified with the zero-section, and let (fJ, S) be a pair of a smooth 
manifold and its submanifold of codimension n — p-\- 1 . Let e : S ^ H be a positive smooth function. 

Let hi : D^{E) (f^, S) (i = 0,1) be smooth maps such that S — h^^{Y,) ~ h^^{Y,), ho\S = hi\S and 
that hi are transverse to E. Assume that for any c € S, the isomorphisms TcE/TcS Tfi.(^c)^/1'hi{c)^ 
induced from dc{hi) coincide with each other. Then for a sufficiently small positive function £ : 5 — > R, 
there exists a homotopy hx : {D^{E),S) (f^, E) between ho and hi such that 

(1) hx\S = ho\S, /i^i(E) = /lo 1(E) for any X, 

(2) hx is smooth and is transverse to E for any X. 

Proof of Theorem 2.4- By Lemmas 4.1 and 4.2 we may assume that s satisfies (4.1.2) and (4.2.2), where 
si is replaced by s. In particular, we have Af{s) = K{s). Since s is an embedding, we can choose a 
Riemannian metric on Q"~^'+i'°(Af, P) so that the induced metric by s coincides with the metric on N 
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near S{s). Wc set E{S{s)) = cxpj^{Dsos{K{s))), where S : S"-P+i'0(Af, P) ^ R is a sufficiently small 
positive function such that 6 o s 1(5(5) fl A^2) is constant. This becomes a tubular neighborhood of S{s). 
We first prove the following assertion: 

(A) There exists a homotopy hx relative to N\ IntAf2-2ro in T*^{N,P) with ho = s satisfying the 
following. 

(1) hx e T^'-iN, P) and SihxY = S{sy for any A and l. 

(2) We have a fold-map G : {N \ IntA^2-2ro) U E{S{s)) -> P with fG = hi. 

Take any Riemannian metric on P. If we identify Q{s) with the orthogonal normal line bundle to 
the immersion -Wp o s\S{s) : S{s) — > P, then exppo(7rp o s\S{s))'^^\D^{Q{s)) is an immersion for some 
positive function 7. In the proof wc express a point of E{S{s)) as Vc, where c € S{s), Vc € K{s)c and 
||vc|| < S{s{c)). In the proof wc say that a smooth homotopy 

kx : {E{S{s)),dE{S{s))) ^ {fl^-^+''°{N, P),1:^-p{N, P)) 

has the property (C) if it satisfies that for any A 

(C-1) fc-i(S"-f+i'0(iV,P)) = S{s), and kx\S{s) = ko\S{s), 

(C-2) kx is smooth and transverse to E"-P+i'0(iV, P). 

We have the quadratic form q{s) : S'^K{s) — > Q{s) defined in §1 such that 

9(s)c(vc,Wc) = (d^s(vc))(wc) for any point c e S{s). 

If we choose 6 sufficiently small compared with 7, then we can define the fold-map go ■ E(S(s)) P hy 

c,o(vc) = expp_^2 o(7r|, o s\S{s)f^ {q{s)c{vc,Vc)). (4.2) 

Now we need to modify go by using Lemma 4.3 so that go is compatible with g. Let r] : S{s) — > R be a 
smooth function such that 

(i) < r]{c) < 1 for c e S{s), 

(ii) r/(c) = for c e 5(s) \ Int7V2-3ro, 

(iii) ry(c) = 1 for c e S{s) ("1 7V2-4ro- 

Then consider the map G : {N\ IntA^2-2ro) U E{S{s)) P defined by 

J G(a;) = c/(a;) if a; G ^ \ IntiV2-2ro , 

\ G(vc) = (1 - v{c))9{yc) + v{c)go{yc) if VcS £;(5(s)). 

Without loss of generality we may assume that G is well-defined on a neighborhood of {N \ IntA^2-2ro) U 
E{S{s)) by replacing 5 and E{S{s)) by smaller ones. It follows from Lemma 4.3 that G is a fold-map 
defined on a neighborhood of {N \ IntAf2-2ro) U E{S{s)), that G|£'(S'(s)) folds exactly on S{s), and that 
dc((j) = dc{go) and (i^(G) = dl{go) for all c € 5'(s). Furthermore, we note that if c e S{s) \ iV2_2ro) then 
G(ve) = ff(ve). 

Next wc construct a homotopy Hx relative to \ IntiV2_2ro in r*''((iV \ Int7V2-2ro) U E(S(s)),P) 
satisfying the property (C) such that Ho = s\{N\IntN2-2ro)^Els{s)) and Hi = fG on (7V\Int7V2-2ro)U 
E{S{s)). This construction is quite similar to that in [An3, Proof of Proposition 4.6], while we write it 
down for completeness. 

Set expQ — expQ„-p+i,o(jv,p) fo'' simpUcity. By applying Lemma 4.4 to the sections s and expj^ ods o 
{expj^\DsiK{s)))-^ on E{sls)), we first obtain a homotopy h\ G T*'' {E{S{s)), P) with h'^ = s and 
h'l = expQ ods o (exp^ \Ds{K{s)))~^ on E{S{s)) satisfying the properties (1) and (2) of Lemma 4.4. Let 
pn : TO"-P+i'0(7V,P)|s"-P+i.o(Ar,p) ^ Tn"-P+i'0(A^, P)|s»-p+i,o(7v,p)/TE"-p+1'0(A^, P) be the canonical 
projection. We have 

= J\f{s) and d'^{s)^ o d{s)^\K{s) = d'^s\K{s). This yields that pn o ds\K{s) and pn o {s\S{s))^ : 
K{s) Tn"-P+i'°(A/',P)|s--P+i.o(Ar^P)/rE"-P+i^O(Ar,P) coincide with each other. By Lemma 4.4 
we can construct a homotopy h'^ in T'^^ {E{S{s)), P) with the property (C) such that /iq = h'l and 
hi = expQ o(s|S'(s))^o(expjY \Ds{K{s)))~^ on E{S{s)). By pasting h'^ and h'^ we obtain a homotopy h\ G 
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T*''{E{S{s)), P) satisfying the property (C) with /ij = s and hi = exp^ o{s\S{s))^ o (exp^v \Ds{K{s)))-'^ 
on E{S{s)). 

We now recall the additive structure of J'^{N,P) in (1.2). Then we have the homotopy jx : S{s) — > 
j2(iV,P) defined by 

j^{c) = (1 - A)s(c) + XfG{c) covering 7r|, o s\S{s) : S{s) P, 

where TTp o s|6'(s) is the immersion as in (4.2.2). Since K{s)c = K{j^G)c and Q{s)c = Q{j^G)c by the 
construction of TTp o s\S{s) and the fold-map G, it follows that for any c € S{s) we have K{j\)c = K{s)c 
and Q{j\)c = Q{s)c- Hence, we have that 

dlUx) = (1 - X)dl{s) + XdlifG) = dlis) = diifG). 

This implies that j\ is a map of S{s) into E"~''+-'^'''(7V, P). Therefore, the homotopy of bundle maps 
(ja)^ : K{s) (K c)Tri"~P+^'°(7V, P) induces the homotopy h\ satisfying the property (C) defined by 

hi = exp^o(i,)K o (exp^ \Ds{K{s)))-'\E{Sis)) 

such that hl = h\= expf^o(s|S'(s))Ko(exp;v \Ds{K{s)))-'^ and /if = exp^o{fG\S{s))^o{expj^ \Ds{K{s)))-'^ 
on E{S{s)). 

By applying Lemma 4.4 to j'^G\E{S{s)) similarly as h\, we have a homotopy h^ satisfying the property 
(C) such that hf,^hl = expno(j2G'|5(s))K ^ (oxp^ \Ds{K{s)))-^ and hf = pG on E{S{s)). 

Furthermore, we need to modify the homotopy obtained by pasting h\, h\ and h\ on (A^2\IntA^2-4ro)l~l 
E{S{s)) to a homotopy H'-^ in r*''(A^2 n E{S{s)),P) satisfying the property (C) such that H[ coincides 
with j^G on iV2 n £;(5(s)) and H'^\{{N2\lntN2-2ro)n E{S{s))) ^ s\{{N2\lntN2-2ro)r\ E{S{s))). Then 
we can extend H'^ to the homotopy Hx in r*''((iV \ IntA^2-2ro) U -^(^'(s)), P) satisfying the property (C) 
so that Hx{x) = s{x) for a; e AT \ IntAf2-2ro- 

By applying the homotopy extension property to s and Hx, we obtain an extended homotopy with 
ho = s, 

hx : {N,S{s)) ^ (f2"-f+i'°(Ar,P),S"-f+i'°(A^,P)). 

Hence, hx is a required homotopy in r*''(A^, P) in the assertion (A). 

We apply Theorem 2.2 for the section tt^ o hi and G. Since J^{N,P) is canonically identified with 
Hom((7rAr)*(r7V), {tip)* {TP)), we may regard 7rfo/ii as a homomorphism in m(A^, P;S'(s)°, . . . , S'(s)[("-p+i)/2] , 
Int7V2_ro,G). By Theorem 2.2 we obtain a homotopy Bx : TN TP relative to TV \ IntA^2-ro of 
m{N, P; ^(.s)", . . . , S'(s)[("-P+i)/2]^ \ IntA^a-ro, G) and a fold-map f : N ^ P with S{f) = S{hi) such 
that Bo = o hi and Pi = df. The homomorphism Bx:TN ^ TP in tn(7V, P; S*", . . . , S'[("-p+i)/2], Ar\ 
IntA^2-roj G) satisfies, by definition, that for any point c G 'S'(s)' and any A there exist a small neighbor- 
hood and a fold-map /^ja : ^ P such that d/^/A = Bx\TU^ and S{pfu^y = S{sy fl (7^^. Then 
this homotopy is lifted to a homotopy Pa relative to \ IntA'^2-ro iii r(A'^, P) such that 

(1) Sg=/ll, 

(2) Bi =ff, 

(3) ^? o Pa = Pa, _ 

(4) for any point c G 5(s), dl{Bx{c)) = d^fu^, 

since any fiber of nf : f2"-P+i'0(iV, P) \ E"-p+1'0(A', P) ^ Ji(iV, P) \ S^-P+i(Af, P) is contractible and 
so on. Finally we obtain the required homotopy sa by pasting hx and Pa. 

By the construction, we have that S{sx) = S{s) and Q{sx) = Q{s) for all A. This proves Theorem 
2.4 (3). □ 

Remark 4.5. Let : R" — > R^ be the fold map defined by g''{xi, . . . ,Xn) — (xi, . . . , Xp-i, 
Xp + ---+ — x^_i^_^_i — ■ ■ ■ — x"^). Let s G r*'"(7V, P) satisfy the same assumption of Proposition 
2.5. Then by the argument in the above proof (in particular, by (4.2)) we can prove the following. Given 
a point c of M{s)j, there exist small ball neighborhoods U{c), V{c) of c with V(c) C Int?7(c) and a 
homotopy sx € r^^{N,P) such that U{c) does not intersect all the other M{s)j 's and that 
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(1) sq = s and S{s\) = 5(s), 

(2) s,\{N\U{c))=s\{N\Uic)), 

(3) si|y(c) = j^g''\V{c) under suitable coordinates ofU{c) and Tr% o si{U{c)). 

5 Proof of Proposition 2.5 

Let X be an z X j matrix and Y he a k x £ matrix. Then X + Y denotes the {i + k) x {j + i) matrix, 
which is the direct sum of X and Y. Let be the fc-disk of radius r in R*^. For a point x = 

(xi, . . . , Xn) € R" {n > p), set x = [x\^ . . . , Xp) and * = (xp+i, . . . , a;„). Let : [0, oo) — !■ [0, 1] be a 
decreasing smooth function such that >({t) = 1 for < t < 1/10, < >c{t) < 1 for 1/10 < t < 1, and 
= for i > 1. Using the identification J^{n,p) ^ Hom(R",RP) © HomCS'^R", Rp) in (1.4), we 
express an clement of j'^(n,p) as (Apxn: Bj,xnj • • • i Bfj^n); where Apxn is a p x n matrix and B^j^n 
are nxn symmetric matrices. Similarly, [Apxp; B^^^, . . . , B^^^) expresses an element of J^{p,p). Set 

n—p—t I 

A^.pi^) = K{\\t\\)Apxp + {l->,{\\t\mEp_,) + {2xp)) and B^^„ = 5^^^ + A(2r^, -2, • ^ , -2) with 
< t < [(n-p + l)/2]. Set 

A- W = 2x°„r-2t!:«,...,-2x„ ) ^ H»-»(R".R'). 

B^xn(a:) = ^(ll*ll)(-Spxp + 0(n-p)x(n-p)) for 1 < j < P - 1, 

p— 1 n— — 

B:x^„"(a;) = x(||$||)(B^, J + (1 - x(||^||))A(C^C3,^^CT:^). 

For n > p > 3, we define the map Jp^ni^) '■ J^iP^P) ~^ J'^{n,p) by 

'^,n('^)(^pxp; -Spxpi • ■ • 1 ^pxp) = (-^pxnl-^)' -'^rixn(''^)i • • • i -^rixri -^nxrf('^))- (^-l) 

Let : R^' ^ R be a smooth map such that fi~^{0) is connected and that fi{x) = 2xp outside of 
754. Let fi have as a regular value for a while. Then /x~^(0) is a (p — l)-dimensional submanifold 
of RP such that (Rp \ D^") n ^Jr'^(0) = W'-^ xO\Dl. Lot N(pr'^{0)) be the orthogonal normal line 
bundle of /z~^(0) in R^', which is oriented by grad/z, and let e(A^(/i^^(0))c) be the unit vector consistent 
with the given orientation of N{^i-^{0))c. We often identify ^J,~'^{0), Nipr^{0)) and e(Af(^-i(0))c) with 
fjr^{0) X On-p, the normal bundle of /i^^(O) x 0„_p in R^ x 0„_p and its imit vector consistent with 
the given orientation respectively. We orient /U~^(0) so that the juxtaposition of an oriented basis of 
Tc/i~^(0) and e(A^(/z~^(0))c) is compatible with the canonical orientation of R^'. We have the map 
e(/i-i(0)) : M"MO) SP-'^ defined by e(/i-i(0))(c) = e{N{ij,-^{0))c), and the induced homomorphism 

e{f,-\0)r : H'>-\SP-\ep;Z) ^ HP-\f,-\0), t,-\0)\ Dl;Z) ^ Z. 

Let [lJ--^{0)]'' e iJP-i(At-HO),At-nO) \£'4;Z) and [S'p-^]'^ e Hp-'^ {S^-'^ , ep-, Z) denote the dual classes 
of the fundamental classes [ii~^{0)] and [5^""'^] respectively. The integer deg(e(/i~^(0))) such that 
e(At-i(0))*([5'P-i]'=) = deg{e{n~■^{0)))[^l-'^{0)Y is called the degree of e(/x-i(0)). 

We give another interpretation of deg(e(^~^(0))). There are two monomorphisms jAr(^-i(o)) and 
11^-1(0) in Mono(A'^(/i~"'^(0)), TRPl^-ij-Q-)), where «Ar(;^-i(o)) is the inclusion and n^-ijo) is defined by 
n^-^o){e{N{^i-\0))c)) = (c, Gp) for c e ^^"^(0)- It is clear that if c G Ai"i(0)\^4. then iAr(^-i(o))(e(/^(/x-HO))c)) = 
n^-i(o)(e(iV(/Li~-^(0))c)) = (c, Bp). We regard «Ar(^-i(o)) and 11^^-1(0) as sections of the fiber bundle 
Mono(7V(/i-i(0)), rRP|^-i(o)) over fJ,-^{0). Then in the obstruction theory ([Ste, §37.5]), the primary dif- 
ference 

(i(i/^(^-i(o)), n^-i(o)) in Hp~^{ij.~^{0), fi~^{0) \ 1)4; 7rp_i(Mono(R, R^))) is defined to be the unique ob- 
struction so that *Ar(^-i(o)) and np-i(o) are homotopic as sections of 
Mono(A^(At-^(0)),rRP|^-i(o)) relative to ii-\0)\Dl. 
We prove the following lemma. 
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Lemma 5.1. Under the identification HP-'^{ij,-^{0), i^-^{0)\Dl;np^i{Mono{Ti,IlP))) ^ HP-'^{fi-'^{0), jj,'^ 

D\; Z) = Z, the primary difference c?(«Ar(^-i(o)), n^-i(o)) coincides with deg(e(/i^-'^(0))). 

Proof. Consider a triangulation of M~^(0) such that M~^(0) fl is a subcomplex and take a base point 
of A*~^(0) outside DP. Let Z he a. {p — l)-simplex. Then there exists an isomorphism '■ Z x {Op-i x 
R) — > N{ij,~^{0))\z induced from a curve connecting Z and the base point. Since N{fj,~^{0)) is a 
trivial hne bundle, we may assume that (pz is defined by (j)z{c,ep) = e{N{fi^^{0))c) for any c G Z. Then 
{iN{fi-^o))°<t>z} and{n^-i(o)O02} induce the elements [«Ar(^-i(o))] and [n^-i(o)] of HP'^{fi-^{0), iJ.-^{0)\ 
£>4; 7rp_i(Mono(R, RP))) respectively. It is obvious that [n^-i|-o)] is the null element and that [«Ar(^-i(o))] 
corresponds to deg(e(^^^(0)))[^^^(0)]'^. Consider the following exact sequence of cohomology groups 
with the coefficient 7rp_i(Mono(R, R^')): 

H^p-\{^,-\o),^i-\o) \ D\) X [0, 1]) ^ i/f-i((M-^(o),M-^(o) \ Dl) X {0, 1}) 

^ HP{{t,-\Q), M-i(O) \ DP,) X ([0, 1], {0, 1})) - HP-\^,-\Q), ^-^0) \ DP). 

Here, 5([«Ar(^-i(o))] ® (~['^([*-i(o)])) corresponds to rf(ijv(/:i-i(o))> '^/:i-i(o))- This proves the lemma. □ 
We set 

g [xi, . . . ,Xn) = {xi, . . . , Xp-i, Xp -\- • • • a;„_^ — x^_i^_^_i — • • • — x^). 

In the following definitions (5.2) and (5.3), n may not have as a regular value. Under the identification 
(1.6), define the section a;(/i) : Rp Ct^'°{IiP,BP) by 

p—1 p—l 



i^{lJ-){x) = {x, gp{x)] Ep_i+{ij,{x))]Opxp, ... ,Opxp, A(0, ... ,0,2)). (5.2) 
Using (1.6), define the section J'iuifi)) G r(R",RP) by 

J'-(w(/x))(x) = (x,/(a;); Jp'-_„(x)(7rn ow(/x)(x))) for n > p > 2, 
J'-{uj{n))=uj{li) forn = p>2. 

If we set i-i^{x) = m:{\\'x\\)ii{x) + 2(1 — >i:(||*||))a;p, then it follows that 

(i) if cither ||*|| > 1 or ||.*|| > 4, then ijl^{x) = 2xp, 

(ii) if 11*11 < 1/10, then /x^(a;) = ii{x). 
By (5.1), j;jx){7rnou}{ii){x)) is written as (A^4(x); B^, . . . , ), where 

K^ni^) = { n'^'n A o 0( i)x(„-p+i) ) eHom(R",Rf), 

P><"^ \^ 0, ...,0, IJ,'^{x),2Xp+i,...,2Xn-„-2Xn-c+l,...,-2Xn J 

BJ=0„xn forl<i<p-l, 

p—l n—p+l — t, u 

W = A(or^, 2r^,'-2,.^,-2). (5.4) 

Therefore, we have 

(1) if > 10, then /Lt^(x) = 2xp and J'{uj{n)){x) = .fg'{x), 

(2) S{J'{u}{ii))) = ^-^(0) X 0„_p, by (ii) and the fact that if ||*|| ^ 0, then rankAp^'„ (x) 
= p. 

On any point c e S{J''{Lj{fi))), the 2-jet 

TTQ o J'-{uj{iJ,)){c) = {Ep-i + (0„_p+i); 
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is represented by the germ (/' : (R",0) (Rp,0). Hence, K{J''{uj{ij)))c and Q{J''-(uj{ii)))c are gen- 
erated and oriented by ej,,...,e„ and Bp respectively. Therefore, we have a canonical isomorphism 
Hom(jr(J^(a;(/i)))e,Q(J'(a;(/x)))c) = R"-p+^ 

We choose jV(a;(/u)) to be N{fj.~^{0)), and then ijv(;i-i(o)) = Let 

m(p,n) : Mono{N{n-\0)),TnX-^o)) ^ 

Mono(Ar(/.-i(0)) e (Op X TR"-f)|^_.(o)^„_^,TR"|^-i(o)xo„_J 
for p > 2 be the fiber map defined by 

m{p,n){h){c,v + cip+iBp+i H h a„e„) = (c, /i(c,v) +ap+iep+i H l-o„e„), 

where h G Mono(iV(/z-i(0))., T.Rp), c G At"^(0) and v e N{ii-^{0)).. 
Set 

= Q3(^j,_i(Mono(7V(/x-i(0)).,T.RP))), for cG /x-i(O), 
?B2(7rp_i) = ?8(7rp_i(Mono((7V(;(x-i(0)) e (0^ x TR"-^))^, T,R"))), for c e /.-^(O) x 0„_p. 

Then m{p,n) induces the fiberwise homomorphism m{p,n)' : *B^(7rp_i) Q3^(7rp_i) of the trivial local 
coefficients, and the epimorphism 

^ HP-\^,-\0) X O„_p,(M-i(0)\Dj) X 0„_p;*B2(7rp_i)). 
By the definition of the primary difference we have the following lemma. 
Lemma 5.2. Let n> p> 2. We have 

m(p,n)',(d(iAr(^-i(o)),n^-i(o))) 

Proof. Recall the monomorpliism *a/'(J"H'^(p))) defined in §2. It is easy to see that 
m(p,n)(ijv(;i-i(o))) = W(j^{iu{fi)))- Next we show that m(p, n)(n^-i(o)) is homotopic to ^{J'{uj{fj,))). In 
fact, m(p,n)(n^-i(o))(e(7V(/i~i(0)).)) = Bp, m(p, n)(n^-i(o))(e£) = for ^ > p and $(J^'(cj(^)))(e£) = 
for i > p. Hence, it suffices to show 

$( J^(u;(M)))(e(7V(M-H0))j)) = (||gradM(c)||/2)m(p, n){n^-^^o)){e{N{t,-'{0)).)). 

In its proof we use the notation introduced in [B, §1]. Let Zjj be the coordinate corresponding to the 
{j,£) component of a p x n matrix. We have, around c G 5(J'''(a;(/x))), 

iJ27=i ^igf") (constant) = for < j < p — 1 and j — p, I < i < p — I, 

_J (Er=i«.9|)(M^)) fori = ^ = p, 

iJ2i=i "-i-^)i'^^e) = 2a<. for j = p and p < £ < n - l., 

(S"=i "i^)(-2a;^) = -2a^ for j = p and n- i<£<n. 

Prom the definition of the intrinsic derivative, it follows that 



od(J'(a;(/x)))^(grad/x(c))(ep) = ||gradM(c)f ep, 
d^iTiuiti)))^ o d(J'(a;(/i)))^(gradM(c))(e^) = for p < £ < n, (5 5-, 



d2( o d{J'{w{i^)))^{ek){ee) 



25ktep for p < k < n — L and p < £ < n, 
-2(5fe^ep for n — t < fc < n and p < £ < n. 



21 



These formulas prove that J''-{uj{fi)) is transverse to S"~p+-'^(R", Rp) when is a regular value of /i. Since 
the symmetric matrix associated to dP{J'-{uj{ij)))c : K{J'-{uj{ij)))c Hom(if(J''(a;(/z)))c, Q(i7''(w(/u)))c) 
under the basis e^, . . . , e„ is equal to 

n—p+l—i L 

A(2^T'?^,'-2,.?.,-2) by (5.4), it follows from the definition of in (2.3) that 

$(J^(a;(M)))(gradM(*)) 

o d\j\uj{t,)))^ o d( J'(a;(M)))^(gradM(c)) 
= «K(^'(c.(/.)))((l|grad/i(c)||V2)ep) 
= (||gradM(c)||V2)ep. 

This is what we want. □ 

We have proved the following lemma in [An3, Lemma 7.2]. 

Lemma 5.3. Let p > 3. For i = 1, . . . ,p — 1, there exist functions ii\ : W — > R, A e R, which are 
sm,ooth with respect to the variables Xi, . . . ,Xp and A such that 

(1) ii\{x) = 2xpif\<0 or \\x\\ > 4, 

(2) m1(x)=M(^) «/A>l, 

(3) if |A — (1/2)1 > 1/2, then is a regular value of fi\, 

(4) if p > 3 and 1 < i < p — 1 or if p = 3 and i = 2, then the manifold (Mi)~^(0) is a connected 
oriented manifold, 

(5) ^\ has a unique point (0, . . . , 0, 1) gW such that e{S{u!{iJ.\))){Q, . . . , 0, 1) = — ep and the degree of 
e{S{uj{fi\))) is equal to (—1)'. 

Remark 5.4. We explain how S{lu{ij.\)) in Lemma 5.3 is constructed from R^"-^ x 0. If p > 3 and 
1 < i < p — 1 {resp. p = 3 and i = 2), then S{u){fi\)) is constructed by doing the surgery by an i-handle 
{resp. three disjoint and non-linking 1-handles) attached to x within an embedded p- disk in R^, 

and hence S{u)(ii\)) is connected and oriented. When p = 3 and i = 2, this process of the surgery is 
different from the usual method {see the details in [An3, Lemma 7.2]). 

As for the case p = 2, we have the following lemma. 

Let A+ (resp. A+') be [-4,4] x [-3,5] (resp. [-tt,tt] x [-V2 - 1,4]), and let A- (resp. A"') 
be [-4,4] X [-5,3] (resp. [-tTj-tt] x [-4,\/2 + 1]). Let a : R^ ^ R^ be the fold-map defined by 
a-(yi,2/2) = (2/1,2/2)- 

Lemma 5.5. There exists a homotopy ujf relative to R^ \ Z)| in r(R^,R^) such that 

(1) ^o^=i'^, 

(2) w± er*'-(R2,R2), 

(3) S{Luf) is the union o/R x and the circle C(0,±2) centered at (0,±2) with radius l/\/2, 

(4) C?(«Ar(RxO), *('^f )|rxo) = Tl and Q!(iAr(c(0,±2)): '^'('^f )lc(o,±2)) = 0. 

Proof. Let GL~^{2) (resp. GL~{2)) refer to the set of the regular 2x2 matrices with positive (resp. 
negative) determinants, which is provided with the orientation induced from by the map U 1 — > 

Ue2/\\Ue2\\. 

Let /i± : R2 ^ R2 be the fold-map defined by /i=^(t/i, 2/2) = e((i/2)-!'i-2'2)(yi, -(±^3)). We have the 
Jacobian matrix 

jh^iyuy.) = e«v2)-.?-..=) (^\-^yJ -^y^yfj = ((i) + (-i))j/,-(y„,,). 



22 



C(0, 2) 




A+ 



-V2 - 1 



whose determinant is equal to e*^^ '^'^Vi+vl)) (2{y'l + y|) — 1). Therefore, /i^ folds exactly on the circle 
S\i^ with radius l/\/2 and /i+ (resp. h~) preserves (resp. reverses) the orientation outside of S^j^ 

and reverses (resp. preserves) the orientation inside of S^j^- Since 



J/i^(cos^,sin0) = e 



-1/2 



-cos 2^ -sin 2^ 
± sin 261 ±(- cos 261) 

2 ^ - sin 6* cos 



J/i± ((l/\/2) (cos ^, sin e)) =(, ''""^ „ 2/,^ 
I " Y±sin0cos6' ±(-cos"^0) 

Jh^\si ■ GL^{2) is of degree —(±2). It follows that -?''(j^'i^)(i/^)(cose sine) generated by 

*(cos^?, sin6') and that Q(i^/'-''')(i/y2)(cose sine) generated and oriented by *(— cos 6*, ± sin ^^). Indeed, 
since dy dt^ {e^ / / ^it/V2) {cos e,-{± sine))) = il/V2){t^ - 3t)e^/^-*'/^(cose,-{±sme)), we have 



^(/i±((i/x/2)(cos^,sine)))|t=i = ^(ei/2-*'/2(i/\/2)(cos^,-(±sin^)))|t=i 

= \/2(-cos6i,±sin6»). 



(5.6) 



Let 



Z^{X1,X2) 

= (((1 - 1/V2)X2 + 1/V2) cos(xi + 37r/2), ((1 - 1/V2)a;2 + 1/^2) sin(xi + 37r/2)), 

Z~{xi,X2) 

= ((-(1 - 1/V2)x2 + 1/V2) cos(-a;i + 7r/2), (-(1 - 1/V2)x2 + l/\/2) sin(-a;i + 7r/2)). 

Then 2+ (resp. z~) maps the segments [— tt, tt] x 0, [—n, tt] x 1 and [— tt, tt] x (— — 1) (resp. [—■ tt, tt] x 0, 
[—• TT, tt] X (—1) and [— 7r,7r] x (-\/2 + 1)) to the circles centered at (0,0) with radii l/-\/2 and 1, and to the 
point (0,0) respectively. 
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Let _D(0,±2) be the 2-disk eentered at (0,±2) with radius 1. Let M(2) be the space consisting of all 
2x2 matrices. We define maps a± : A±' ^ M(2) so that a±(A±' \ (C(0, ±2) U [-tt, tt] x 0)) C GL{2) by 
setting 

a+(xi,X2) = Jh~^{z~^ {xi,X2)) for (xi,a;2) € [-tt, tt] x [-\/2 - 1,1], 
a+(a;i, 3:2) = Jh^{x\,X2 — 2) for {xi,X2) G -D(0, 2), 

!a;i = ±7r and 1 < X2 < 4, or 
— TT < xi <TT and a;2 = 4, or 
xi = and 3 < 0:2 < 4, 
a~(a;i,a;2) = Jh~ {z~ {x\,X2)) for (a;i,a;2) e [— 7r,7r] x [— 
a~(a;i,a;2) = Jh~ {xi,X2 + 2) for {xi,X2) G D(0, -2), 

Xi = ±7r and — 4 < a;2 < —1, or 
a^(a;i,a;2) = e~^/^((l) + (—1)) for I — tt < xi < tt and X2 = —4, or 



xi =0 and - 4 < a;2 < -3. 



We here give the properties for a^ : 
(1) if —TT < xi < TT, then 



a+(a;i,l) = Jh+{z+{xi,l)) = Jh+{cos{xi + 37r/2), sin(xi +37r/2)), 
a~(xi, — 1) = Jh~{z~{xi,—1)) = Jh~ {cos{—Xi + 7r/2),sin(— Xi + 7r/2)), 

(2) if -\/2 - 1 < 0:2 < 1 for a+ and -1 < a;2 < \/2 + 1 for a", then 

a=^ (77,3:2) = a=^ (-77,3:2) = Jh^ {0,(1 - 1/V2)x2 ± I/V2) 

= e"*(^^)((l) + (±2{(1 - 1/V2)X2 ± 1/V2y T 1)) 

with a^{x2) = 1/2 - {(1 - 1/V2)X2 ± l/V2}^ 

(3) a±(0, ±1) = a±(7r, ±1) = a±(-7r, ±1) = a±(0, ±3) = e-V2((i) + (±1)), 

(4) if — 7r < xi < 7r, then 



(xi,T(\/2 + 1)) = J/i±(0,0) = eV2((i) + (^1)). 



By noting these facts, we can extend this to the space A+' (resp. A ') by using a suitable retraction 
of [-7r,7r] x [l,4]\Inti:»(0,2) onto dD{0,2) UO x [3,4] (resp. of [-7r,7r] x [-4, -l]\lnt£)(0, -2) onto 
5i:»(0, -2)U0 x [-4, -3]). _ 

Furthermore, there exists an extended map a='= : M(2) of a^ as follows: 

(i) if (xi,X2) e A"^', then a='=(xi,X2) = a='=(xi,X2), 

(ii) if (xi,X2) ^ A^', then 

(ii-1) ^(xi,X2) = ((l) + (2x2)) on a^±, _ 

(ii-2) a±(xi,X2) € GL+{2) if X2 > 0, anda±(xi,X2) G GL-{2) if X2 < 0, 

(ii-3) if TT < |xi| < 4, and -\/2 - 1 < X2 < 1 for a+ and -1 < X2 < \/2 + 1 for a~, then 

a±(xi,X2) = ¥'[7r,4](|a;i|) J ) 

+ (1 - ^[.,4](|x,|))e«^(-) ( J ^2{(1 - 1/V2)X2 ± 1/V2}^ T 1 ) ' 

where ¥'[^,4] '■ [^^,4] [0, 1] is an increasing smooth function such that 4](t) = if f < 7r + 1/10, and 
Vl7r,4]{t) = 1 if i > 4 - 1/10. In particular, a±(xi,0) = (1) + (0) if tt < |xi| < 4. 

Note in (ii-3) that if we set ^=^(|xi|,X2) = 2x2¥)[„,4](|xi|) + (±2{(1 - 1/V2)x2 ± l/v^}^ T 1)(1 - 
V[n,4]{\xi\))e"^^^^\ then (j)'^{\xi\,X2) and X2 become positive, zero and negative at the same time and 
rf/dx2(<^±(|xi|,X2))U.=o = 2<^[^,4](|a;i|) + 2(\/2- 1)(1 - ^[^,4](ki|)) > 0. 
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Wc now define a section lu^ G r*''(R^, R^), which will be the required section u>f, under the identifi- 
cation (1.6). By considering (5.6), we first set 

(1) if {xi,X2) € A"^, then tt^ ouj'^{xi,X2) = {{xi,X2),cf{xi,X2);sl'^{xi,X2)), 

(2) if (.^1,2:2) e D{0,±2), then a;±(.xi, .T2) = {{xi,X2),(7{xi,X2);'JTno fh^{xi,X2 - (±2)), 
(3+) if {xi,X2) e [-7r,7r] x [-^2- 1,1/2], then 

W+{xi,X2) 

= {{XUX2), a{xi,X2y, ^{xuX2y, - cos(a;i + 37r/2)A(2, 2), sin(a;i + 37r/2)A(2, 2)), 
(3-) if (a;i,X2) e [-7r,7r] x [-1/2, \/2 + 1], then 

UJ^{xi,X2) 

= {{xi,X2),a(xi,X2)]a." {xi,X2); - cos(-a;i + 7r/2)A(2, 2), - sin(-a;i + 7r/2)A(2, 2)), 

(4) if TT < |a;i| < 4, then 

w^{xuO) = ((a;i,0),a(a;i,0);^(a;i,0); A(0,0),A(p(|a;i|),2)), 

where p : [it, 4] — > [0, 2] is a decreasing smooth function such that p{t) = 2 for t < tt + 1/10, < p{t) < 2 
for TT + 1/10 < t < 4 - 1/10 and p{t) = for 4 - 1/10 < t, 

(5) if {xi,X2) G R^\A='=, then lu'^{xi,X2) = j'^a{xi, X2), 

and then extend this to a section uj"^ : R^ ^ J^(R^,R^) arbitrarily by using tt^. 

We have to show u;"^ € r*''(R2,R2). It is easy to sec that S'(w=^) consists of R x and C(0,±2). 
We first show G r(R^,R^). Let (a;i,0) G [— 7r,7r] x 0. Since Q(w^)(xi,o) is oriented so that (/(w^) 
is positive definite, K{u)'^)(^xifi) generated by v^(a;i) and Q{co^){xi,o) is generated and oriented by 
w^(a;i), where 

v+(xi) = *(cos(xi +37r/2),sin(xi +37r/2)), v+(±7r)= *(0,1), 

w+(.Ti) = *(-cos(a;i +37r/2),sin(a;i +37r/2)), w+(±7r)==: *(0, 1), 
v-(xi) = '(-cos(-a;i +7r/2),-sin(-a;i +7r/2)), v-(±7r)= *(0,1), 
w" (a;i) = *(- cos(-a;i + n/2), - sin(-a;i + n/2)), w" ( ± tt) = *(0, 1) 

(see §1). We have 

K.„o)^+)(v+(xi))(v+(xi)) 

= (-*v+(a;i) cos(a;i + 37r/2)A(2, 2)v+(xi), *v+(a;i) sin(a;i + 37r/2)A(2, 2)v+(a;i)) 

= 2w+(a;i), (5.7) 

and similarly (d^^^ (,ja)")(v" (.ti))(v" (xi)) = 2w"(xi). Let (xi,0) G ([-4, -tt] U [7r,4]) x 0. Then 
K^ui"^) 1^X1,0) is generated by *(0,1), Q{uj'^){xi.q) is generated and oriented by *(0,1) and {(i^xi o)^'^)( 
*(0,1))( *(0, 1)) = 2 *(0, 1). By the definition (2) of a;± we have that uj'^{xi,X2) G S1'0(R2,R2) for 
(X1..T2) e C(0,±2). Hence, wc have tj± e r(R2,R2). 

Next wc show the transvcrsality. Since (xi,X2) 1-^ h^(xi,X2 — (±2)) is a fold-map aromid C(0,±2), 
and since tt\ o ttq o uj^(xi,X2) — Jh^ {z^{xi, X2)) and is an immersion around [— tt.ttJxO, is 
transverse to ^^(R^R^) on C(0, ±2) and on [-7r,7r]x0. Let (xi,0) G ([-4, -tt] U [7r,4]) x 0. Then we 

have that the (2,2) component of d(^x^^Q^{a.^){d/dx2) is equal to d/dx2{4>'^{\xi\,X2))\x2=o > by the 
comment exactly below (ii-3). By this observation and (5), is transverse to S^(R^,R^) at (a;i,0) for 
|xi| > TT. Hence, cj± G r*'^(R2,R2). 

We prove the assertion Lemma 5.5 (4) for w^. Since (xi, X2) 1-^ /i^(xi, X2 — (±2)) is a fold-map around 
C(0,±2), we have (i(ijv(C(o,±2)), ^('^'^)|c(o,±2)) = 0. Next we show d(ijv(RxO), *('^'^)|rxo) = Tl- We 



25 



know that iAr([-7r,7r]xo) is the inclusion. If we prove that ^{lj^)i^xi,o){^2) = iK(Lu±) ° ^ ° 

{(P{LO^)r^ o d{LO^)r~.\(^xi,o)){^2) is equal to (v^ — l)v='=(a;i) for \xi\ < tt, then we have 

d{iN{[-7.,n]xO),^{i^^)\[-n,n]xo) = T1- (5.8) 

In fact, let pg be the orthogonal projection of onto the space generated by w^(xi). If we regard 
d{xi,o)^^ '■ ^"(3:1, 0)1^^ ^a±(a;i,o)-^(2) as a map T(^j.i.o)'^'^ ~^ M{2), then we have, by the definition of the 
intrinsic derivative, that {{(P{LO^)r^od{uj^)r^\(^xi,o)){^2)){'v'^ i^i)) is equal topQ{{d(^xi,o)^'^{d/dx2))'v^{xi)). 
In the following calculation let a = x\ + 37r/2 and 6 = (1 — 1/a/2)x2 + for a;+, and let a = 

-a;i +7r/2 and b = -{l- 1/V2)x2 + l/\/2 for Lu . Since v^(a;i) = ± * (cos a, sin a) is independent of X2, 
PQ{{d(xifl)^^{d/dx2))'v^ (xi)) is equal to the value at (a;i,0) of 

PQ{d/dx2{si^{xi,X2)v^{xi))) 
= PQ(d/dx2{Jh^{z^{x,,X2))v^{xi))) 
= Pqid/ dx2iJh^ (b cos a, 6 sin a) v"*" (cci ) ) ) 

— f ^ f f ^ — 2b'^cos^a —26^ sin a cos a \ / ±cosa \ 

~^'^\dx^y \ ±252 sin a cos a ±(26^ sin^ a - 1) j \ ±sina ))) 

= ±d/dx2{e^'^-^\-{2b'^ - l)cosa,±(262 - l)sina)) 

= ±{d/dx2{e^'^-^\2h'^ - l)))w±(a;i). 

The coefficient of w^(xi) at (a;i,0) is equal to 2(-\/2 — 1). By {'A^) we have 0) (^2) = (v^ — 

l)v^(xi). This proves the assertion Lemma 5.5 (4), since the map (.ti,0) v^(a;i) is of degree ±1. 

Finally we construct a homotopy 7rn oa;='=(A) : r2^'°(2,2), A G [0,1]. First we set ttq ouLi'^{t) = 

T^n ° per, TTQ o u}^{l — t) = TTo o u)^ for sufficiently small t with t > 0, and ttq o w='=(A)|(R2 \ A"^) = 
TTo o j2o-|(R2 \ ^±). Since 7r2(Sli'"(2, 2)) = 7r2{SO{3)) ^ {0} ([An2]), this can bo extended to the whole 
space x [0,1]. Then we obtain the required homotopy G r(R2,R2) defined by u)'^{xi,X2) = 
((a'l, 2:2), (t(x-i, 2:2); ttq oa;='=(A)(a;i,a;2)). This completes the proof. □ 

For n > 2, we can construct a section e r*'"(R",R") such as to^ € r*''(R2,R2) by generalizing 
the method given in the proof of Lemma 5.5 as follows. However, we cannot assert that is homotopic 
to j'^Qn in r(R",R"). The proof is left to the reader. 

Lemma 5.6. For n> 2, there exists a section zu^ € r*''(R", R") satisfying the properties: 

(1) zn±|(R" \ Dg) = fgn\(R" \ D'^) and ^|,„ o n7± = g^, 

(2) 5(tn='=) is the union o/R"~-^ x and the {n— l)-sphere C(0„_i,±2) centered at (0„_i,±2) with 
radius I/V2, 

(3) (i(«Af(R"-ixo), *(cc7'^)Ir"-ixo) = Tl and d(iAr(c(o„_i,±2)), 'S(ti7±)|c(o„_i,±2)) = 0. 

By applying in Lemma 5.3 to (5.3) for p > 2 and by using Lemma 5.5 for p = 2, we prove the 
following. 

Proposition 5.7. Let n> p>2. (1) Ifp > 3, then the homotopy J'''{Lj{fj,\)) {1 < i < p — 1) relative to 
R" \ IntD^^o in r(R",RP) satisfies that 
(1-i) J'{co{iii,))=fg', 

(1-ii) J'iojii^l)) is a smooth section transverse to E"-p+1'0(R", Rp) and SiJ'iujinl))) = (M)"MO) x 

0„_p is connected, where p > 3 and 1 < i < p — 1, or p = 3 and i ~ 2, 

(1-iii) ifp>3 andl<i<p—l, then c?(«aA(J'(w(p'j)))i ^(>/'('^(Mi)))) is equal to (— 1)*, 
(1-iv) ifp = 3 andi = 2, then c!(iAr(j''('^(Mi)))' ^('^'('^(^1)))) = ^■ 

(2) Ifp = 2, then there exists a homotopy J'''{Ljf) relative to R" \ IntZ)"o in r(R",R2) such that 

{2-\) J^{uj^)^fg^, 

(2-ii) J''{lo^) is transverse to S" ^'°(R",R2) and S{J'-{ujf)) consists of R x 0„_i and the circle 
C(0,±2) X 0„_2 {denoted by C(0,±2) for shoH), 
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(2-iii) d(V(^.(^±))|Rxo„_i,$(J'(wf))|Rxo„_J = Tl, 

(2-iv) rf(z^(_y,(^±))|c(0,±2),*(^'(^f))lc(0,±2)) = 0. 

(3) The line bundles Q{J'{u!{iJ,\))) for p > 2 and Q{J'{ujf)) for p = 2 are trivial and oriented, whose 
induced orientations on S{J''{uj{pb\))) \ D^q and S{J''{uj^)) \ £)"o ^''^ given by Bp. 

Proof. The proof for the case n = p is easier. Hence, we assume that n> p>2. 

(1-i) By Lemma 5.3 we have /^o(^) = "^^p- Hence, we have J'''{u}{jj,Q))= pg' ■ 

(1-ii) It is clear that S{J'''{w{ii\))) = {iJ,\)~^{0)xOn-p, which is connected by Lemma 5.3 (4). The 
first assertion follows from the fact stated just below (5.5). 

(1-iii, iv) Set L = (/i|)~^(0). By Lemmas 5.1 and Lemma 5.3 we have d(ijv(i,), ni,) = deg(e(L)) = 
(-!)'• By Lemma 5.2 we have C^CWCJ-'C^CK)))' ^(^''('^('"i)))) 

= m{p,ny^{d{iM(L),nL)), which is equal to (— !)*• 

(2) The proof is rather long. Under the identification (1.6), we define J'iuJ^) : R" ^"-^'^(R", R^) 

by 

where Jl^inn o uj^){x, A) ^ {A'^-^^ix, A); B'^l^ix, A), B'^l^^ix, A)) is defined as follows. 

First, we may assume that if A > 9/10, then lo^{x) = uj^{x). For the oriented vector e{Q{oj'^)) we can 
construct an extended vector field e^^i {x, A) = *(e^± {x, A), e^± {x, A)) e T.Ii^ with J e R^ and A e [0, 1] 
with the following properties. 

► e^^± (x. A) is continuous with respect to x and A. 

► If c e S{(jj^), then e^^i (c. A) = e{Q{(jj^),). In particular, if c ^IntA^ in addition, then e^^± (c. A) = 
*(0,1). 

► If either A = or x then e^±{x,X) = *(0, 1). 

► e^^± (x. A) is smooth around A = 0. 

► If A > 9/10, then e„± (c. A) = e„± (c, 1). 

This is possible since the subset consisting of all (5(0;^), A) in R^ x R is a closed set. In the following 

argument we need to extend the domain [0, 1] of A to (— oo, 1] by setting ujf = lj^ and e^^± (c, A) = 
e^± (c, 0) for A < 0. Suppose that ttq o wf{x) is written as 

(^2x2(^, A); B2'x2(^, A), B|x2(^, A)) (5.9) 
under the identification (1.6). We define the 2 x n matrix A2x„(a;, A) for x G R" and A e [0, 1] to be 

( ^2x2(^,A-||$||2) '^i±(-J-A-|l^lP)(2^3,...,2x„_„-2x„_,+i,...,-2x„) \ ^^^^^ 
\ e2±(x,A- ||x|p)(2x3,...,2x„_t,-2x„_t+i,...,-2x„) / 

which satisfies the following properties. 
(Al) If X ^IntA±, then 

C„ ^^ _ / 1 Oix(„-i) 

^2xn{X, A) y Q ^2a;2, . . . , 2x„_„ -2x„_,+i, . . . , -2x„) 

(A2) If X2 7^ or |lx|l 0, and x 0ntA^, then rankA^xri(^> A) = 2. 
(A3) If X e A± and || x|| =^ 0, then rankA^x„(x, A) = 2. 
(A4) If X G A± and ||x|| = 0, then 

A2xn(2;,A) = (A2x2(^, A),02x(„-2)), 

which is of rank 1 if and only if ^2x2(^5 A) is of rank 1. 
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(A5) If II a; II > 1, then ttq o u)^ ^ = ttq o u)q = ttq o j'^a, and hence, 

A-||a;|P 

A^^„(ar,A) = A^^„(a;,0) = J (2i^"r.'.l 2a;„_,, -2:c„_,+i, . . . , -2x„) ) " 

The properties (A2) and (A3) follow from the fact that if rank A2x2{x,X — = 1, then the two 

column vectors of A2x2{x, A — ||*|p) is orthogonal to the nonzero vector e^^i (x, A — ||*|P). 

We set, for j = 1, 2, 

B''^' (XX)=( ^2x2(^>^- 11*11^) 02x(„-2) 

' V0(„_2)x2 ei±(x,A-||^||2)A[2;.] 

where A[2; i] is, here, an (n — 2) x (n — 2) matrix. These two matrices have the following property. 

(Bl) If • ^ A±, or ll^ll > 1, then B'/^,^ix, A) = 0„x„ and Bllljx. A) = (0) + (2) + A[2; l]. 

We show J'iuJx ) e r(R",R2). Take a point (c. A) such that rankAl^^nCc, A) = 1. If c i^Int^=^, then 
c = (ci, 0, . . . , 0) by (Al), and if c = (ci, C2) G A^, then c = (ci, C2, 0, . . . , 0) and rankj42x2(c, A) = 1 by 
(A3) and (A4). Set e(A^xn(c,A)) 

= {e{K{(jj^).),0, . . . ,0). Here, let e' be a vector orthogonal to K{ojf).. We orient K{ujf). so that 

the juxtapositions {e' ,e{K{u!^).)) and {A2x2{c, X){e'),e{Q{uj^),)) induce the canonical orientation of 
R^. Then the kernel of A2x„(c, A) is generated by e(A2x„(c, A)), 63, . . . , e„. From the above definition 
of J'iLJ^) and the fact that lj^ e T{B?, B?) it follows that 

9(J^(u;±))e(e(A^,„(c,A)),e(A^,„(c,A)))=g(u;±).(e(ir(u;±).),e(i^(u;±).)) (5.12) 

is a positive multiple of e{Q{Lj^).) (sec the equality just below (5.15) for A = 1). Therefore, Q{J''{u!'^))c 
is generated and oriented by e{Q{uj^).). Furthermore, we have, by (5.11), 

q{J'{u^))M^2xnicA)),e^) = for 2 < j < n, 

q{J'{LO^))ciek,ef) = 26kte{Q{uj^).) foi 2 < k < n - l and 2 < £ < n, (5.13) 
g(j7''(w^))c(efc,e£) = — 2(5fc^e(Q(a;^).) fov n — l < k <n and 2 < £ < n. 

This shows that g(J'(wJ))c is nonsingular and that the index of g(j7'(ct'J))c is equal to i. Hence, we 
have J'(a;^)er(R",R2). 

Now we are ready to prove (2-i) to (2-iv). It follows from (Al, 5) and (Bl) that if either x ^Int^^ 

or 11*11 > 1, then we have J'-{uj^){x) = pg'-{x) for any A e [0, 1]. 

(2-i) From (Al, 4, 5) and (5.11) it follows that J'-{uj^){x) = fg>-{x). 

(2-ii) If 11*11 7^ 0, then J'-{uj^){x) is a non-singular jet, and hence S{J'-{uj^)) consists of R x 0„_i 
and C(0,±2) x 0„_2 by Lemma 5.5 (3) and (5.9). In (5.10) A2x2(^, A- ||*|p) and ei^{x,X— ||*P) do not 

depend on the variables x^,. . . ,Xn around A = 1, where ||*|| is sufficiently small so that A— ||*|p > 9/10. 

Hence J''-{ujf) is transverse to S"~''+-'^(R", R^) by Lemma 5.5 (2). Sec also the proof of (2-iv) below. 

(2-iii) Note that iC(J^'^(wj^))c and Q{J'-{oJ^))c are identified with K{lo^). x 0„_2 ® O2 x R"-^ and 
(5(^1 )• respectively. We define 

m(2,n) : Mono(if (a;±)|Rxo, TR^xo) ^ Mono(i^( J'(w±))|rxo„_i , TR^Irxo^. J 
by m(2, n){h) = /i®ido2xR"-2, where h eMono(ii'(a;j'^)|Rxo,^R'^|Rxo)- Furthermore, the canonical map 

m(2,n) : Mono(R, R^) ^ Mono(R 8 R""^ R") 
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defined similarly as m(2,n), induces a surjection 

m(2,n), : 7ri(Mono(R,R^)) ^ 7ri(Mono(R R""^ R")). 
Prom the proof of (5.8) it follows that 

(V(>7'(a.±))lRxO--i)(e<?) ioi2<e<n, 
($(JH'^f))|Rxo„_ J(e^) =ee for 2 < £ < n, 

($(JHw?))|rxo„_ J(xi,o)(e2) = {V2- l)v±(a;i) for |ari| < tt. 



Therefore, we obtain that 



(2-iv) Let c±(6l) = ((l/\/2)cos6', (l/y2)sin6i ± 2,0„-2) € 
= ((l/V2)cos6»,(l/V2)sin6'±2) and e(6l) = '(cose*, sinfi", 0„-2). If we prove 

HJ'{'^i))c±(e){ee)=ee for 2 < £ < n, 



C(0,±2), c±(^) 



(5.14) 



then we have rf(i_;v'(j"'(w='=))lc(o,±2)> ^(i7''('^i^))|c(o,±2)) = 0- In fact, K{ujf) . is generated by the vector 

*{cos9,sm6), and (5(wi ) . is generated and oriented by *(— cos^, ± sin^). If pq is the orthogonal 

c±(e) 

projection of R^ onto the space generated by *(— cos 6, ± sin 6), and if we regard da^ : T . R^ ^ TM(2) 

c±(e) 

as a map T . R^ — > M(2), then we have 



= (((i2(u;±)^o(i(w±)^| . )((l/%/2)'(cos6',sin6')))(*(cos6',sin6')), 

c±(0) 



(5.15) 



which is equal to, as in (5.6), 



PQ{{d/dt{a^{c^{e) + {{t - l)/V2)icose,sme)))\t=i)i\cos9,sm9))) 



2(*(-cos6',±sin0)). 



l-t^cos^9 -i^ sin 6* cos 6* 
±(t2sin6'cos6') ±(i2sin26'- 1) 



COS0 

sin^ 



t=i 



Since 



((d^(J'(a;f)).od(J^(a;f)).|,±(,))(efe))(v)=pQ((rfA^,„(c±(^),l)(9/axfe)(v))U±(,)) 



for V e ii'(j7''(a'j'^)) and since 







2x(fe-l) 



2ei±(c±(0),l) 







2x(n-fe) 



for 2 < A; < n — i, 



a/aarfe(A^^„(c±(e),l))= <^ 







2x(fc-l) 







2x(ri-fc) 



for n — t < fc < n, 



2e2^(c±(0),l) 
-2el,(c±(^^),l) 
-2e2±(c±(0),l) 

by (5.10), we have 

((d2(J^(a;±))^ od(J^(a;±))^|e±(e))(efe))(*(cos^,sin^)) = for 2 < A; < n, 
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2(5M(*(-cos0,±sin0)) for 2 < < n - t and 2< l<n, 
—26ke{^{~ cos ± sin 9)) for n — i < k < n and 2 < £ < n. 



Thus (5.12), (5.13), (5.15) and (5.16) prove (5.14) by considering the definition of q{s) via cP{s) in §1. 
This proves (2-iv). 

(3) Let ax G r(R",RP) denote J''(iu{fj.\)) for p > 3 and J'iuj^) for P = 2. Since ctq = we 
orient Q{(Tq) = 0Rp-ixo„_p_|_i by e^. From the construction of cti, (5.2), Remark 5.4 and Lemma 5.5, 
it follows that S{ai) is constructed in R^ x 0„_p by using for p > 2 and loi for p = 2 so that 
S{(Ti) = S{u){i^\)) X 0„_p for p > 2 and S'(cri) = '5'(wj'') x 0„_2 for p = 2. Furthermore, Q{ai) is 
canonically isomorphic to the trivial bundle Q{aj{fj\)) for p > 2 or Q(u)^) for p = 2, which has the 
orientation on R^^^ x 0„_p+i \ D"q given by ep. □ 

Proof of Proposition 2.5. For the given section s, let M be any one of M(s)^.'s and set m = d(ij^(^s) \m, ^(s)|m)- 
Suppose that m ^ 0. By Remark 4.5 we may assume that we have a point c e M \ V{C), its small 
neighborhood Uc in TV \ V{C) with suitable coordinates e : (Rp~^ x R"~p+^,0) {Uc,c), and a small 
neighborhood Vc of the point npOs{c) G P with suitable coordinates such that soe coincides with j'^g'- on 
Uc- We take distinct points ce G Ucd M with coordinates {t^,. . . , 0, . . . , 0) and disjoint embedding 
germs : (R", 0) {Uc, ci) such that ei{x) = (xi + if, . . . , Xp^i + aip, . . . , a;„) (1 < £ < |to|). Let 
(Ta S r(R",RP) denote J''{u;{ii\)) for p > 3 and J'''{lo^) for p = 2 (if necessary, we have to change the 
scale) respectively in Proposition 5.7 such that 

c^(W(ai),*(o-i)) = -m/|m|. 

For each e£(R"), we can construct the homotopy cr{ef )x G r(e£(R"), P) defined by (7(6^)^(2;) = a\{ej^{x)). 
By using cr(e^)A's for each M(s)^-, we have a homotopy sx in r(iV, P) defined by 

SA|e£(R") = cr(e£)A on each ei.(R"), 

Sa|(«7c \ u'"! e^(R")) = s|([/c \ u'"' e^(R")) on each Uc for M(s);., 

sx = s outside of all Uc for M{s)j. 

Then it is easy to see by the additive property of the primary difference that 
'^(W(«i)Im(si)'. i^(si)|m(si)') is equal to for all j and l. Thus we have proved (1), (2) and (3) of 
Proposition 2.5. 

(4) The triviality of Q(si) follows from the above construction of si and Proposition 5.7 (3). □ 
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